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Iso-surfaces of density plotted from results of a high-resolution direct numerical simula-
tion of a Kelvin-Helmholtz billow in the ocean. The plot illustrates the cascade of energy
from the largest vortices (‘whirls’) to the smallest vortices which are dissipated by the
influence of molecular viscosity.

“Big whirls have little whirls that feed on their velocity, and little whirls

have lesser whirls and so on to viscosity,” from Weather Prediction by

Numerical Process (page 66) by Lewis Fry Richardson.

[Richarson’s little poem was a play on Augustus De Morgan’s rewording

of Jonathan Swift, “Great fleas have little fleas upon their backs to bite

’em, And little fleas have lesser fleas, and so ad infinitum” (A Budget of

Paradoxes, 1915)].
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In this thesis we will investigate the role of diapycnal mixing on the ocean general cir-

culation. This thesis is divided into three main parts. In the first part we show that

there exists an almost infinite number of pathways to turbulence in oceanic energetic

shear zones at high Reynolds number. Such a large number of accessible routes to truly

chaotic motion is not typical of most of the existing body of laboratory and numerical ex-

periments of shear-induced diapycnal mixing, but is shown to be of relevance to diapycnal

mixing in geophysical flows. A key finding is that the use of generally accepted empiri-

cal relations based on laboratory experiments for the quantification of diapycnal mixing

leads to large inaccuracies. In the second part we perform high resolution numerical ex-

periments of diapycnal mixing in the oceanographically relevant high Reynolds number

parameter range. Through detailed analysis of the flow energetics and mixing properties

of these flows, we show that the net buoyancy flux facilitated by turbulence, the efficiency

of diapycnal mixing, and the resultant effective diffusivity, all depend in non-trivial ways

on the specific route to turbulence for each individual mixing event. This has important

implications for practical methods of estimating an effective diapycnal mixing diffusivity

from observations as well as for parametrization of mixing in ocean general circulation

models. We show quantitatively that such methods can be inaccurate to the extent

that they will need to be completely revised or replaced. In the third and final part of
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the thesis we investigate the sensitivity of the meridional overturning circulation of the

abyssal ocean to the intensity and spatial variations of diapycnal mixing. We show that

changes in intensity of mixing by factors well within the errors associated with practical

estimates (as discussed above) lead to significant changes in ocean circulation. We show

that enhanced abyssal mixing, surface winds, and meso-scale eddies play leading roles in

driving the abyssal ocean circulation and in setting the stratification. As an example of

the application of our analysis we show that proper parametrization of enhanced abyssal

mixing leads to realization of the important role of the (often neglected) geothermal heat

flux in driving the Antarctic Bottom Water circulation.
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Chapter 1

Introduction

The meridional overturning circulation of the oceans plays a central role in climate and

climate variability by storing and transporting heat, fresh water and carbon around the

globe. The Earth’s oceans circulate because they are forced by winds from above and

tides from within and also due to exchanges of heat and freshwater with the overlying

atmosphere and cryosphere. As is shown in Figure 1.1, the ocean circulates in a highly

complex fashion globally. This complexity is primarily due to the existence of continents

which separate the oceans into a number of distinct basins and to the extreme variations

of the topography of the ocean floor. Simply put, the deep overturning component of

the ocean circulation can be described as involving the formation of heavy water masses

(which are heavy due to high salinity, low temperature, or a combination of both) in

isolated regions primarily at high latitudes, the sinking of such water masses into the

abyssal ocean (shown by downward-pointing blue arrows in the figure) thereby leading

to the formation of so-called “deep waters”. These deep waters eventually resurface at

middle and high latitudes (shown by the upward-pointing red arrows) to close the ocean

circulation. It is therefore essential that mechanisms exist which enable upwelling of

these deep heavy waters. For decades, oceanographers have been puzzled by the problem

of identifying the mechanism(s) responsible for enabling the upwelling of the heavy deep

1
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waters back towards the surface. The progress made over the past several decades has led

the oceanographic community to identify the processes of wind-induced upwelling and

diapycnal mixing (which is mixing across iso-density surfaces, or isopycnals) as primary

mechanisms which facilitate the upwelling of deep heavy waters. Wind-induced upwelling

is believed to play an important role in the overturning circulation although it primarily

takes place in the Southern Ocean (as illustrated in the figure), while diapycnal mixing,

although it occurs throughout the ocean interior, is known to be significantly enhanced

in the abyssal ocean and in the vicinity of rough bottom topography (Marshall & Speer

(2012)).

Figure 1.1: FromMarshall & Speer (2012): The upper regions of ocean circulation are fed
predominantly by broad upwelling across density surfaces at mid-depth over the main
ocean basins (rising blue-green-yellow arrows). Upwelling to the ocean surface occurs
mainly around Antarctica in the Southern Ocean (rising yellow-red arrows) with wind
and eddies playing a central role.

In order for the ocean to achieve a state of statistical equilibrium (i.e. a state in which

its energy and momentum do not continuously increase in circumstances in which the

forces to which it is subject are fixed), some form of dissipation is required to balance the

energy input due to surface atmospheric forcing and internal tidal forcing. The ocean

circulation is primarily forced on spatial scales as large of tens of thousands of kilometres.

The dissipation on the other hand occurs at much smaller scales extending to those of
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centimetre-sized turbulence. This poses a great difficulty in practical efforts to under-

stand and model the ocean circulation as it involves the study of physical processes over

a range of spatial scales that differ by as much as ten orders of magnitude. While it has

been traditionally assumed that the large scale ocean circulation and its time variability

depend on physical processes on scales much larger than the dissipative scale, a wide

range of research over the last two decades has shown that this assumption is incorrect

and that dissipative processes play a leading order role in controlling the ocean circu-

lation and its temporal variability. Understanding of diapycnal mixing processes in the

ocean has come to be considered a key component of any study aimed at understanding

of the ocean circulation and its variation with time in the past, and its role in evolution

of the climate system in present and future.

In the traditional view of the deep meridional overturning circulation of the oceans,

it has been assumed that the upwelling of abyssal waters is primarily due to enhanced

diapycnal mixing in the ocean interior (Munk (1966), Munk & Wunsch (1998b)). Esti-

mates obtained on this basis for the coefficient of turbulent diffusion (often referred to

as the turbulent diffusivity denoted by the symbol κ) required in the ocean interior and

abyss to facilitate the upwelling are found to be on the order of κv ∼ 10−4 (m2s−1).

The results of these early analyses have motivated a large body of experimental work

dedicated to the estimation of κv as a function of depth in the oceanic interior. Most

such studies have indeed led to estimates of κv ∼ 10−4 (m2s−1) in the abyss but to

lower values of κv ∼ 10−5 (m2s−1) in the upper ocean thermocline region (Ledwell et al.

(1993),Ledwell et al. (1998)).

Recent progress in understanding the dynamics of the Southern Ocean, however, has

revealed an alternative mechanism that could be responsible for the upwelling of deep wa-

ters (primarily of North Atlantic Deep Water, NADW hereafter) to the surface, namely

that due to the influence of the wind-driven surface mixed layer (Marshall & Speer

(2012)). In view of this inference, enhanced diapycnal mixing in the ocean need not
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be occurring throughout the ocean interior, and may be restricted to governing the up-

welling of densest waters in the abyssal (Wunsch & Ferrari (2004)). In most studies which

have attempted to close the oceanic overturning circulation through energy balance anal-

yses or by employing thermodynamics-based approaches (see Laurent & Simmons (2006)

for a review) it has been assumed that the mixing-induced upward buoyancy flux can

be related to the rate of dissipation of energy through a constant referred to as the

“mixing efficiency”, denoted by E (to be defined in detail in the next chapter; Osborn

(1980), Peltier & Caulfield (2003)). This parameter which is often referred to as the flux

Richardson number (Rf) in the oceanographic literature, is a measure of the fraction of

the energy available to turbulent mixing which contributes to the diapycnal diffusivity,

the residual energy being dissipated into heat. E (or Rf) can be employed to relate the

background stratification and energy dissipation to a value for the effective turbulent

diffusivity κv through a relation first proposed by Osborn (1980) in the form of

κv =
E

1− E
ǫ

N2
, (1.1)

where N is the mean buoyancy frequency and ǫ is the rate of dissipation of kinetic energy

(both to be defined). This relation has been widely used to infer estimates of effective

diffusivity at various ocean depths (see Thorpe (2005) for a review), to parametrize in-

ternal wave-induced mixing in the abyssal ocean (Jayne & Laurent (2001),Laurent et al.

(2002)) and to parametrize shear-driven turbulent mixing in oceanic overflows (Legg

(2009)).

The popularity of (1.1) is apparently due to its simplicity and to the fact that the

rate of energy dissipation can be related to various measurable quantities using experi-

mental techniques. A “universal” value of 0.2 has been persistently used in large scale

ocean modelling over the past decades to infer values for the effective diffusivity. More

importantly, this canonical value has been widely used to obtain estimates of the me-
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chanical energy needed to power the abyssal mixing required to maintain the observed

overturning circulation of the oceans. If it were to prove necessary to employ a different

value (such as 0.1 or 0.3) in a globally-averaged sense, this would have non-negligible

potential implications for our understanding of this fundamental issue. Despite the gen-

eral acceptance of values in the range 0.15− 0.2 for mixing efficiency, our analyses, to be

discussed in detail in this thesis, suggest that this assumption is not well-justified. In fact

there exists both observational and theoretical evidence that the efficiency may be either

smaller or larger than 0.2 (the allowed deviations based upon analyses of the shear insta-

bility model of stratified turbulence being in excess of 50%) and that the actual value is

expected to depend on the background stratification and shear and may also depend on

the anisotropy in the medium (see Lozovatsky & Fernando (2013) for a review). Thus,

the accuracy with which κv is calculated from measurements is very much dependant

on the value employed for mixing efficiency. To avoid this complication, recent efforts

have focused on the development of mixing parameterizations which are independent of

mixing efficiency and are rather prescribed in terms of parameters which are “easier” to

measure in field experiments (see Ivey et al. (2008b) for a review). Nevertheless, mixing-

efficiency based parameterizations are still dominant, and while they are not fully trusted

within the scientific community working on the diapycnal mixing problem, they are all

but taken for granted by large scale dynamicists and oceanographers.

In this thesis, we have two primary goals:

i. We intend to investigate whether the efficiency of mixing depends on the detailed

characteristics of the turbulent flow which facilitates diapycnal mixing. To do

this, we perform theoretical and numerical analyses of shear-induced mixing in an

idealized configuration by considering mixing throughout the lifecyle of a Kelvin-

Helmholtz instability, a mechanism which has been abundantly observed at various

depths of the ocean and which is considered the canonical example of the diapycnal

process. These analyses will be discussed in Chapters 2 and 3 where we will provide
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further evidence that the mixing efficiency is highly variable. Moreover, we will

quantify its sensitivity to the underlying dynamics and thereby show that this

sensitivity is so large as to practically rule out employment of a universal value for

mixing efficiency. Furthermore, we will show that the basic assumptions made in

the derivation of expressions like (1.1) can be incorrect to such an extent as to lead

to large inaccuracies in the resulting estimated measures of diapycnal mixing.

ii. Once we have shown in Chapters 2 and 3 that the inferred estimates of effective dif-

fusivity based on (1.1) are erroneous by a factor of at least three, in the penultimate

Chapter of this thesis (Chapter 4) we show that such an error in the estimate of ef-

fective diffusivity has important implications for the rate of meridional overturning

circulation, and thence for the role of the oceans in the functioning of the climate

system. We will demonstrate this by investigating the influences of (a) changes in

strength of and (b) vertical variations of the diapycnal diffusivity on the stratifica-

tion and strength of overturning circulation in the abyssal ocean. As an example of

the importance of diapycnal mixing in regulation of large scale oceanic circulation,

in Chapter 4 we will also show that it is only with proper parametrization of abyssal

mixing that one can capture the non-negligible influence of the exchange of heat

between the Earth’s interior and the ocean on the abyssal ocean circulation.

Pursuit of the two above-mentioned goals requires two complementary studies focused

on the very different length scales that interact so as to govern the behaviour of the

system. One involves a rigorous fluid mechanical investigation of small scale mixing

at sub-kilometre scale, whereas the other involves investigation of the role of diapycnal

mixing on the large ocean circulation on scales of tens of thousands of kilometres. In

the next two subsections of this Introduction we provide a more specialized review of the

background material to each of these studies, reviews that are intended to highlight the

areas which require further research, and to outline the relevant analyses to be presented

in subsequent chapters.
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1.1 Shear-induced mixing in geophysical flows

The investigation of the mechanisms responsible for the transition of either stratified or

unstratified shear flows to turbulence can be considered one of the classical problems of

theoretical fluid mechanics. From a practical point of view, the study of shear-induced

turbulence in mixing layers has applications to the understanding of the mixing and

transport of a variety of tracers in the atmosphere (Gossard (1990), Luce et al. (2010),

Fukao et al. (2011)) and for the understanding of the transport of heat, salt, sediment

and other tracers at a wide range of scales in oceanic environments such as estuarine

shear zones, energetic tidal zones in the abyssal ocean, in the oceanic thermocline and

in overflows and gravity currents (Thorpe (2005) for a review). In the ocean interior,

mixing is often facilitated by internal waves which either radiate from the surface in

contact with the atmosphere (gaining their energy from the surface winds) or from the

abyssal ocean through interaction of tides with bottom topography. Internal wave shear

(defined as the vertical gradient of horizontal velocity) counters the stabilizing effect of

density stratification, leading to generation of a primary instability, the most prominent of

which is believed to involve the Kelvin-Helmholtz (KH) mechanism. The transition from

an organized KH instability to turbulence then occurs through a sequence of secondary

(and higher order) instabilities processes. Therefore, understanding the turbulent mixing

induced by KH instability is an effective way of gaining a better understanding of mixing

processes at scales smaller than can be resolved by global ocean models. It needs to be

noted that while organized motions (such as those involved in KH billows) are generally

well understood, their turbulence transition and the subsequent turbulent properties

have yet to be adequately understood as no deterministic theory exists for the resulting

turbulence.

Since shear instabilities may generate waves with wavelengths spanning a wide range,

this mechanism may play a leading role in the cascade of energy from large scale structures

(such as barotropic or baroclinic eddies, topographically-induced internal waves or inter-
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nal solitary waves) to the smallest scales at which momentum is eventually dissipated due

to viscous effects (Ley & Peltier (1978), Sutherland et al. (1994), Sutherland & Peltier

(1994), Smyth & Peltier (1994), Moum et al. (2003), Nikurashin & Legg (2011)). Re-

cent developments in measurement techniques have enabled higher resolution observa-

tions of density and velocity fields in the ocean and have made clear the ubiquitous

occurrence of intense shear instabilities in this geophysical fluid (Geyer et al. (2010),

van Haren & Gostiaux (2010)). Figure 1.2 illustrates selected examples of observed KH

instability at various locations in the oceanic environments. As the figure shows, KH

waves often emerge in a wave train consisting of multiple billows and lead to turbulent

mixing on scales of tens of meters to tens of kilometres. Therefore, while we have been

referring to shear instabilities as “small-scale” structures in the context of large scale

ocean circulation, they span a wide range of spatial and temporal scales (from meters to

hundreds of metres, and from minutes to days). Thus, full understanding of mixing via

KH instability provides valuable insight into stratified turbulence and mixing in general.

Of particular interest to us, and the primary motivation for the present work, are

the mechanisms responsible for enhanced mixing in the abyssal ocean. We choose shear

instability as the prototype example of such mechanisms, and attempt to answer several

fundamental questions concerning shear-induced deep ocean mixing by detailed exami-

nation of the turbulence thereby engendered. Our focus will be upon density stratified

KH instability in particular as the abyssal ocean is stably stratified and the onset of tur-

bulence is often mediated through the excitation of internal inertial waves (the so-called

internal tide) excited by the flow associated with the barotropic tide over ocean bottom

topography (Aucan et al. (2006),Griffiths & Peltier (2009),Nikurashin & Legg (2011)).

Recently van Haren & Gostiaux (2012) have studied the mechanisms responsible for

the generation of turbulence and vertical mixing above a seamount by means of moored

temperature sensor measurements. They found ubiquitous “finger-like” structures as-
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Figure 1.2: Various observed examples of Kelvin-Helmholtz instability in nature.
(a) From Moum et al. (2003): An acoustical snapshot of a nonlinear internal gravity
wave approaching the Oregon coast from left to right. Formation of KH billows in the

core of the wave plays an important role in turbulence breakdown of such
abundantly-observed gravity waves (see also Lamb & Farmer (2011)); (b) From

Haren et al. (2013): Strong shear-induced turbulence in 50 m high KH overturns during
downslope motion of inertial waves over the continental slope off Valencia, Spain; (c)

From numerical simulations of Ilıcak et al. (2008): Mixing between the Red Sea
overflow and ambient water masses. Such overflows play a key role in deep-water mass
formation in the downwelling branch of the meridional overturning circulation of the
ocean (see Legg (2009) for an overview); (d) From van Haren & Gostiaux (2010):

Temperature variations in a downslope tidal flow at depth of 560 m over Great Meteor
Seamount. A wave train of tens of KH billows is illustrated with the wavelength of each
individual billow being O(100) m; (e) From Geyer et al. (2010): Measurements of KH
billows forming within the strong shear zone in the Connecticut River estuary. Shear
instabilities are abundant and play a key role in vertical mixing of saline and fresh

water masses as well as that of sediments (also see Geyer & Smith (1987)).
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sociated with shear instability (KH instability in this case, see van Haren & Gostiaux

(2010)) that continuously contributed to the mixing of deep water stratification during

the down-slope tidal phase. Van Haren and Gostiaux calculated an effective coefficient for

vertical diffusion across regions of high shear at the crests and troughs of low frequency

internal waves, and found values one to two orders of magnitude higher than those as-

sociated with the upper ocean as determined on the basis of tracer release experiments

(Ledwell et al. (2000),Polzin et al. (1997)). Van Haren and Gostiaux demonstrated that

shear instability is indeed one of the mechanisms responsible for enhanced abyssal mix-

ing (as has also been suggested by other studies such as those of Aucan et al. (2006),

Gemmrich & van Haren (2001), Nikurashin & Legg (2011)), and it is on this observa-

tional basis that we consider it the prototypical model problem for our purposes in this

thesis. This mechanism is an oceanographic analogue of the mechanism of turbulence

generation in the atmosphere by the breaking of internal waves above their topographic

source of excitation (Peltier & Clark (1979)) and subsequently in the lee of topography

through KH instability of the jet that forms in the downslope region (Peltier & Scinocca

(1990)). While KH instability is perhaps the most-observed shear instability (perhaps

due to its distinctive finite amplitude billows), we need to point out that other primary

shear instabilities exist among which are the Holmboe instability (Holmboe (1962)), the

Taylor-Caulfield instability (Taylor (1931),Caulfield (1994)) and various hybrid modes

(Carpenter et al. (2010)).

In so far as efficiency of mixing in stratified shear-induced turbulence is concerned,

KH instability has been frequently employed in the past two decades for accurate calcula-

tion of the efficiency (see Peltier & Caulfield (2003) for a review). The specific numerical

value of mixing efficiency proposed by Osborn (1980) was strongly influenced by exper-

imental measurement (Britter (1974)), and there has been a very wide range of exper-

imental studies of mixing efficiency (see the reviews of Linden (1979), Fernando (1991)

and Ivey et al. (2008b), and, for example Park et al. (1994), Strang & Fernando (2001),
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Rehmann & Koseff (2004), Prastowo et al. (2008), Stretch et al. (2010), Oglethorpe et al.

(2013)). The evidence from these experiments, among others, points strongly towards

the mixing efficiency not being constant, but rather a non-monotonic function of the

overall Richardson number (defined as the ratio of the stabilizing influence of stratifica-

tion to the destabilizing influence of shear). Such non-monotonicity is of interest since,

as originally postulated by Phillips (1972), it may lead to the development of the density

staircase structures which may explain at least some observations of density layering in

nature. However, the observation that mixing efficiency depends non-monotonically on

the Richardson number is not the only way in which it varies with external, larger-scale

properties of the flow. There is also increasing evidence that there is a significant de-

pendence of efficiency on some appropriate measure of the intensity of the turbulence,

typically quantified by values of the ‘buoyancy’ Reynolds number Reb, defined as

Reb =
ǫ

νN2
, (1.2)

(see for example Shih et al. (2005), Wells et al. (2010), Lozovatsky & Fernando (2012)).

This point is particularly significant, as there is a marked difference between the accessible

Reynolds numbers in the laboratory and those which are actually characteristic of nature.

To quote Ivey et al. (2008b), ‘Both laboratory and DNS work indicate that at these

extremes, when either ǫ/νN2 ∼ O(1) or ǫ/νN2 ∼ O(105), the mixing efficiency Rf → 0

and the use of large Rf ≃ 0.2 in field situations in these limits cannot be justified. This

is not simply a matter of curiosity. There is a fundamental inconsistency between the

results from the laboratory and DNS experiments and the inference of diffusivity from

microstructure in the field that remains unresolved.’

This inconsistency must at least in part be due to an incomplete understanding of the

dominant physical mechanisms of mixing at higher Reynolds number. This issue is par-

ticularly pressing for the canonical flow of a stratified, shear-driven, mixing layer, as the
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classical ‘tilting tank’ experimental geometry originally used by Osborne Reynolds and

subsequently popularized by Thorpe (1968) (see also Thorpe (1973)) is typically strongly

constrained in Reynolds number, as well as being inevitably contaminated by flow accel-

eration, initialization difficulties (see for example Patterson et al. (2006)) and end effects

which make it extremely difficult to make quantitative inferences in the laboratory con-

cerning the mixing actually associated with the transition of Kelvin-Helmholtz billows

to turbulence at sufficiently high Re. As noted by Smyth et al. (2001a), at lower Re a

substantial amount of ‘mixing’ leading to irreversible increases in the potential energy of

the system can occur in the ‘preturbulent’ phase of flow evolution, before the dissipation

rate becomes elevated substantially over laminar values. It is an open question as to

whether that picture is relevant at higher Reynolds number, as increased intensity in the

turbulence, and hence an elevated dissipation rate ǫ will affect the irreversible mixing in

a non-trivial way.

In Chapters 2 and 3 our intention will be to study the process of transition to tur-

bulence of a density stratified laminar shear flow, and to characterize various properties

of the turbulent phase of the flow including the efficiency of mixing. Moreover, as a

theoretical counterpart to the many observation-based studies of diapycnal mixing in the

abyssal ocean, we intend to test the accuracy of the assumption that E = 0.15 and the

applicability of the widely used formula (1.1) by means of numerical experiments. While

we will employ the KH instability as a mechanism which facilitates transition to turbu-

lence, it is important to note that other primary shear instabilities (or hybrid modes) may

emerge in shear layers (Carpenter et al. (2010), Balmforth et al. (2012)). The questions

we attempt to answer and the general conclusions to which we are led will not be specific

to KH instability and we expect our main conclusions to be of relevance to stratified tur-

bulence in the oceanic environments in which the primary source of energy in turbulence

is from shear and not convection. In Chapter 2 we will investigate the transition of a

shear layer to turbulence by identifying the secondary instabilities which facilitate such
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a transition. In Chapter 3, we will first verify the theoretical predictions of Chapter 2 by

means of numerical computation of the lifecycle of KH instability over an oceanographic

range of flow conditions, and furthermore, we will investigate the mixing properties of

the turbulent layer and make direct comparisons between accurate estimates of diapycnal

mixing and those predicted by practical relations such as (1.1).

1.2 Influence of enhanced abyssal diapycnal mixing

on stratification and the ocean overturning cir-

culation

While the upper ocean stratification has been well studied over the past several decades

thanks both to the improvement of observational capabilities as well as the availability

of increasingly sophisticated theoretical models (Stommel & Arons (1960), Luyten et al.

(1983), Salmon (1990), Samelson & Vallis (1997)), our understanding of abyssal strati-

fication is still in a rudimentary if rapidly improving state. It is believed that our lack

of understanding of deep ocean dynamics contributes to the deficiencies in our current

ability to explain a range of important paleoclimatological phenomena (such as the re-

current 80 ppmv drawdown of atmospheric carbon dioxide into the oceans during the

deep glaciations of the Late Pleistocene era, e.g. Jouzel (2002)) and the intense millen-

nial timescale variability of Marine Oxygen Isotope Stage 3 (e.g. Sakai & Peltier (1999),

Stastna & Peltier (2007)), as well as the detailed characteristics of present day climate

variability (such as the spatial variations in the rate of global sea level rise due to an-

thropogenic warming of the climate). Our goal in Chapter 4 will be to seek an improved

understanding of deep ocean stratification and its implications for the strength of the

meridional overturning circulation. To this end we will present in chapter 4 a simple

theoretical analysis of the parameters which control the abyssal stratification and the
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related rate of overturning circulation by building upon recent progress in our under-

standing of the contribution of the dynamics of the Southern Ocean to the maintenance

of the meridional overturning circulation. For the purpose of this analysis we will employ

a simple zonally-averaged numerical model to verify our theoretical findings, and will

employ a global ocean data set to investigate the relevance of our results to the present

day oceans. This initial analysis is intended to serve as a foundation upon which to build

a further improved if still geometrically simplified structure with which we will be able to

extend the previous results concerning the Meridional Overturning Circulation (MOC)

time dependence obtained with models that lacked an adequate representation of the

Southern Ocean.

Figure 1.3: From Lumpkin & Speer (2007): Zonally averaged meridional overturning
streamfunction density (top) and pressure levels (bottom) across hydrographic sections
(vertical gray lines) with linear interpolation between the sections. The contours are in
units of Sv.

Recent progress in our understanding of Southern Ocean dynamics has established

the validity of the hypothesis of Sverdrup (1933) that a large fraction of abyssal wa-

ter finds its way back to the ocean surface in a near-adiabatic fashion along isopycnals
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which outcrop in the Southern Ocean. Figure 1.3, taken from Lumpkin & Speer (2007),

shows contour plots of zonally-averaged overturning streamfunction. The stream function

was calculated using inverse techniques, incorporating airsea fluxes of heat and freshwa-

ter, recent hydrographic sections, and direct current measurements. Since streamlines

crudely follow isopycnals (the deviation being proportional to the intensity of diapyc-

nal mixing which increases towards the ocean floor), the figure shows that water masses

circulating in both of the overturning cells (the North Atlantic Deep water cell shown

in red and the Antarctic Bottom Water cell shown in blue) resurface in the Southern

ocean along isopycnals which outcrop in the Southern Ocean. Such isopycnals, tilted

due to the influence of surface wind stress blowing eastward over the Southern Ocean

(Marshall & Radko (2006)), facilitate a great pole-to-equator density difference associ-

ated with the thermal-wind balance of the Antarctic Circumpolar Current (ACC). The

slopes of the isopycnals in the upper Southern Ocean are primarily set by a balance

between steepening effects due to the action of surface winds and the slumping effect of

baroclinically-induced mesoscale eddies. These eddies, which are abundant in the ACC,

are responsible for transport of deep waters to the surface along isopycnals which outcrop

in the ACC (Karsten & Marshall (2002), Marshall & Radko (2003), Marshall & Radko

(2006), Wolfe & Cessi (2010) and Nikurashin & Vallis (2011)).

As discussed in Marshall & Speer (2012), this adiabatic alternate pathway for trans-

port of a large portion of the North Atlantic Deep Water (NADW) to the surface helps

in closing the upper cell in the ocean basin without the need for invoking large mixing

coefficients across the thermocline. For those isopycnals located beneath the upper cell,

and which only outcrop at the surface in the Southern Ocean close to Antarctica, diapyc-

nal mixing is key in providing a pathway through which the deep water mass may ascend

to shallower depths. Therefore, the abyssal mixing is expected to be one of the pri-

marily factors driving the Antarctic Bottom Water (AABW) circulation (Munk (1966),

Munk & Wunsch (1998a), Ito & Marshall (2008), Jayne (2009) and Nikurashin & Vallis
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(2011)).

Even though various observational-based estimates of diapycnal mixing coefficients

exist for the deep ocean (such as those cited above; for a review see St. Laurent and

Simmons (2006)), they are too limited in number to provide a global map. Several

attempts have been made based on inverse methods, which incorporate air-sea fluxes

as well as hydrographic data and current measurements, to infer profiles of mixing co-

efficient, κ, in various ocean basins (Lumpkin & Speer (2007), Ganachaud & Wunsch

(2000), Ganachaud (2003)). Figure 1.4, taken from Lumpkin & Speer (2007), shows a

number of basin-averaged κ profiles. The profiles show that apart from large mixing

values in the abyssal ocean, there exists a significant vertical variation in the mixing

coefficient, implying a strong depth dependence of the vertical diffusive flux. The con-

sequent vertical variation in the upwelling rate may have important implications for the

Figure 1.4: From Lumpkin & Speer (2007): Volume-averaged (over the global ocean
between 32oS and 48oN) effective diapycnal diffusivity as a function of neutral density,
γ, (thick line with standard error shaded). Thin solid, dashed and dotted lines correspond
to the Atlantic, Indian, and Pacific oceans respectively. Our focus in Chapter 4 will be
on sharp variations below the γ ∼ 27 density level, which roughly speaking translates to
the depths below 2500 m.
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stratification in the abyss, as well as for the structure of the meridional circulation and

its strength. Most studies on the impact of enhanced abyssal mixing on ocean circula-

tion (and most general circulation ocean models) have used simplistic profiles for vertical

diffusivity which assign pelagic diffusivity values to the upper parts of the ocean, and

abyssal values to the deep ocean with little vertical gradient in either of the regions (the

widely-used Bryan & Lewis (1979) profiles). One of our goals in Chapter 4, however,

will be to investigate the influence of the vertical gradient of the vertical diffusivity on

controlling the abyssal stratification and circulation. Since the vertical variation of diffu-

sivity is a function of the vertical variations in background stratification and shear, our

analyses in Chapter 4 will be a practical application of fundamental understanding of

the physical characteristics of turbulent mixing which is presented in Chapters 2 and 3.

Due to high sensitivity of ocean circulation to the value as well as the vertical gradients

of effective diffusivity (as will be shown in Chapter 4), the breakdown of the key assump-

tions underlying the practical methodology used to obtain profiles of effective diffusivity

from oceanic measurements (discussed in Chapter 3) will be of significant importance to

our understanding of large scale ocean circulation.



Chapter 2

Linear stability analysis of a

stratified free shear layer:

introducing the ‘zoo’ of secondary

instabilities precursory to

turbulence transition

In this chapter we investigate the physical processes which facilitate turbulence transition

in a stratified shear layer. The material in this chapter represents a summary of the

detailed analyses published in the following peer reviewed journal articles:

• Mashayek, A., and W. R. Peltier. “The ‘zoo’ of secondary instabilities precursory

to stratified shear flow transition. Part 1 Shear aligned convection, pairing, and

braid instabilities.” Journal of Fluid Mechanics 708 (2012): 5-44,

• Mashayek, A., and W. R. Peltier. “The ‘zoo’ of secondary instabilities precursory

to stratified shear flow transition. Part 2 The influence of stratification.” Journal

of Fluid Mechanics 708 (2012): 45-70.

18
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2.1 Introductory remarks

In both stratified and unstratified shear flows, the transition to turbulence is known

to occur through a finite sequence of steps in accord with the qualitative theory of

Ruelle & Takens (1971). In either case the first step in this sequence usually involves

the growth to finite amplitude of an inherently two-dimensional primary instability1, of

which Kelvin-Helmholtz billows (Kelvin (1871)) are the canonical example.

KH waves have been ubiquitously observed and studied in the atmospheric context

(Ludlam (1967), Browning & Watkins (1970), Browning (1971), Gossard (1990), and

more recently by Luce et al. (2010)). In the oceans, KH waves have been found near

the surface (Woods (1968), Thorpe (1978), Haury et al. (1979) and Marmorino (1987)),

in the deep ocean induced by large-scale internal wave shear (van Haren & Gostiaux

(2010)), in an energetic estuarine shear zone (Geyer et al. (2010)), and accompanying

internal solitary waves propagating shoreward over the continental shelf (Moum et al.

(2003), Lamb & Farmer (2011)). While some of the oceanic observations reveal very

few KH billows, recent studies such as those shown in Figure 1.2 provide evidence of

formation of trains of KH billows similar to those often observed in the atmosphere and in

laboratory experiments (Thorpe (1971, 1981, 1987), Holt (1888), Caulfield et al. (1996) or

see Thorpe (2005) for a thorough review). Due to experimental limitations, the parameter

space in which the experiments are performed is most often far from that appropriate to

either of the natural systems. Even though both laboratory and in situ ocean/atmosphere

observations reveal the emergence of a primary KH wave, the large difference in the

governing Reynolds and Prandtl numbers may lead to significant differences in the second

step in the route to turbulent collapse and the attendant enhanced molecular dissipation

and irreversible mixing.

In this chapter, the focus will be upon stratified shear layers as opposed to those of

1for a counter example see Smyth & Peltier (1990)
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constant density. Although KH instability arises in both circumstances (Smyth & Peltier

(1994), Potylitsin & Peltier (1998)), the subsequent dynamics differ considerably due to

the influence of the stratification. In stratified shear flows, the buoyancy force gives

rise to a plethora of secondary instabilities which provide mechanisms through which

the primary KH billows may undergo turbulent collapse. Over the past several decades,

the majority of the theoretical and numerical research in this field has been focused

upon such secondary instabilities of the primary KH waves (Corcos & Sherman (1976),

Klaassen & Peltier (1985, 1989, 1991), Smyth & Peltier (1990, 1991, 1993, 1994), Caulfield & Peltier

(1994), Cortesi et al. (1998), Staquet (1995), Caulfield & Peltier (2000), Staquet (2000),

Smyth et al. (2001a) and Smyth (2003)).

Once an array of primary KH vortices develop in a mixing layer, the vortices are

known to be susceptible to several secondary instabilities. One of these instabilities is the

amalgamation instability (Klaassen & Peltier (1989)) which corresponds to merging ofN1

vortices into N2 where N2 < N1. In its most common form, amalgamation instability cor-

responds to vortex pairing instability in which two neighbouring vortices orbit each other

and merge into a single vortex (Winant & Browand (1974), Pierrehumbert & Widnall

(1982), Klaassen & Peltier (1989)). Theoretical analysis of Klaassen & Peltier (1989)

demonstrated that the pairing instability has a sufficiently high growth rate that it should

inevitably be realized in the regime of modest Reynolds number characteristic of labora-

tory circumstances. It remains a significant issue as to whether this interaction may also

occur in the higher Reynolds number regime that is characteristic of oceanographic and

atmospheric circumstances. Indeed, merging events have seldom been observed in these

natural systems. One of our goals is to understand whether there might exist physical

processes at high Reynolds numbers which would precede and thereby inhibit the pairing

interaction. One of the best studied of such 3D instabilities is the shear-aligned convec-

tive instability (which arises due to overturning of statically unstable regions inside the

vortex cores) first predicted by Davis & Peltier (1979), and thereafter studied in detail
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by Klaassen & Peltier (1985), Caulfield & Peltier (1994, 2000). Experimental studies of

Thorpe (1987) and Caulfield et al. (1996) also clearly revealed the occurrence of this sec-

ondary instability and its important role in the transition of the flow to turbulence in

the regime of moderate Reynolds number. Another well-known secondary instability is

the secondary shear instability of the vorticity braid (the vorticity filament which con-

nects adjacent vortex cores in a train of billows) first predicted by Corcos & Sherman

(1976) and further studied in Staquet (1995, 2000) and Smyth (2003). Evidence of such

secondary braid vortices has been reported in Geyer et al. (2010) (see Figure 1.2) and

perhaps also in Thorpe (1978) (Figure 2(b) of the latter seems to show braid vortices).

A third group of instabilities which grow on the braid of a Kelvin Helmholtz instability

in a stratified layer, and which have previously been spotted but not properly discussed

in terms of their origin, will be discussed in this chapter. This group of instability modes

primarily extract their energy from the background strain field. Dritschel et al. (1991)

discussed this group in the context of an infinitely long vorticity layer in an unstratified

environment. We will show how these modes become relevant in the context of shear

instabilities as well. The above referenced analyses of the braid instability have suggested

that this instability may play a major roll in turbulence transition. As the secondary

convective instability (which is not realizable in 2D simulations) provides a rapid route to

turbulence (Caulfield & Peltier (2000)), it remains an important question as to whether

the previously referenced 2D numerical simulations showing emergence of braid shear

instabilities are at all relevant to the understanding of a 3D flow. In this chapter we will

address this question by performing detailed non-separable linear stability analyses of

the primary train of KH billows. Our main goal is to study the competition between the

pairing, shear aligned convection and braid shear instabilities. Our approach will employ

the methodology of Klaassen & Peltier (1985), hereafter referred to as KP85.

Our analyses in this chapter will reveal that there exist numerous distinctly different

routes to turbulence in a stratified shear layer. This will set the stage for the next chapter
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in which we will investigate whether the dynamical differences between such routes is in

any way determinant of the mixing properties of the turbulent flows.

2.2 Theoretical preliminaries: Formulation of the prob-

lem and numerical solution of the governing equa-

tions

We consider a stably stratified shear layer which is horizontally periodic in space and

evolves with time. The flow domain is described in Cartesian coordinates with x and

z denoting the streamwise and vertical directions respectively. The initial background

profiles of velocity and density are assumed to be of the form

Ū⋆(z⋆) = U0 tanh(
z⋆

h
), (2.1)

ρ̄⋆(z⋆) = ρa − ρ0 tanh(
Rz⋆

h
), (2.2)

where U0 and ρ0 are reference velocity and density, h is half the shear layer thickness, and

R is the ratio of the characteristic scale of velocity variation to that of the density variation

and is chosen to be 1.1 based on some experimental observations (Thorpe (1985), Thorpe

(1987) and Caulfield et al. (1996)) in which the working fluid is salt stratified water. It

should be noted that this value can be larger, however, we keep it constant to avoid

further complicating an already complex parameter space to be explored in this chapter.

A flow configuration such as this is known to be most unstable to two-dimensional KH

instability (see Drazin & Reid (1981)) provided that the gradient Richardson number

defined by

Ri(z⋆) = N2/(shear)2 =
−g
ρ0

∂ρ⋆

∂z⋆
/(
dŪ⋆

dz⋆
)2 (2.3)
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is sufficiently small. Based upon the theorem of Miles (1961) and Howard (1961) it is

well understood that a necessary condition for instability is that the Richardon number

achieves a value less than 1/4 somewhere in the flow. Under this condition, the desta-

bilizing influence of the velocity shear is sufficient to overcome the stabilizing influence

of the density stratification. It is the onset of the primary KH instability that provides

the necessary background for growth of secondary instability(s) which eventually lead to

turbulent collapse of the mixing layer.

For the profiles described by (2.1) and (2.2), the gradient Richardson number at

the centre of the shear layer, Ri0 = Ri(0), has the lowest value in the initial profiles

and therefore we regard it as the appropriate measure of the stratification within the

flow. Our non-dimensionalization of the governing equations is based upon the following

choices for the scales of time, distance, velocity, pressure and density, respectively:

t = t⋆U0/h, xi = x⋆i /h, ui = u⋆i /U0, p = p⋆/ρ0U
2
0 , ρ = ρ⋆/ρ0 (2.4)

where ρ⋆ and p⋆ are departures from hydrostatic balance and x1 and x2 correspond to

the x and z coordinates, respectively. We will also assume the flows to be incompressible

with density variations small enough for the Boussinesq approximation to be valid. The

equations of motion, incompressibility and continuity in dimensionless form then reduce

to:

Dui
Dt

= − ∂p

∂xi
− Ri0

R
ρδi2 +

1

Re

∂2ui
∂x2j

, (2.5)

∂ui
∂xi

= 0, (2.6)

Dρ

Dt
=

1

Re Pr

∂2ρ

∂x2j
, (2.7)

where (i, j = 1, 2) for the fully nonlinear but 2-dimensional flows. These governing

equations will be numerically integrated to produce the basic states whose stability we
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will investigate to 3-dimensional perturbations. The Reynolds number is defined by

Re = U0h/ν where ν is the kinematic viscosity and the Prandtl number by Pr = ν/κ

where κ is the thermal diffusivity. Throughout this chapter, we will primarily consider

flows in the range 1000 < Re < 2000, 0.04 < Ri0 < 0.2 and all at Pr = 1. Equations

(2.5-2.7) provide the starting point from which our theoretical analyses will follow. In the

subsequent sections in this chapter we will employ the method of non-separable stability

analysis to identify secondary modes of instabilities which grow on a two-dimensional

background primary KH instability. For such analysis, the 2D background KH wave will

be provided through numerical solutions of the governing equations. Therefore, below

we describe the numerical methodology which we will use for that purpose. The same

numerical methodology will be employed in Chapter 3 where we compare the findings

of the stability analysis with full 3D high resolution solutions of the evolution of a KH

billow lifecycle.

The numerical method we employ is constructed to provide fully-resolved Direct Nu-

merical Simulations (DNS) of equations (2.5-2.7). The algorithm we employ is that

described in detail in Bewley (2011) and Taylor (2007). Periodic boundary conditions

are applied in the streamwise direction with derivatives in this direction being treated

using a pseudo-spectral method. The derivatives in the vertical direction are computed

using second-order finite differences. The numerical scheme ensures the discrete conser-

vation of mass, momentum and energy. To allow for the growth of the pairing instability

in the flow, the horizontal extent of the domain is chosen to be twice the wavelength of

the most unstable KH mode (based on inviscid linear theory) of the background velocity

and density profiles. Calculations similar to those of Hazel (1972) led to λ = 14.27h,

implying a horizontal domain scale of 28.54h (for two wavelengths) for the case in which

the Richardson number is 0.04. The value of λ = 14.27h is very weakly dependant on

the Reynolds number and as discussed in Hazel (1972) is also weakly dependant on the

Richardson number (i.e. the peak of the stability curve is not sharp with respect to Ri)
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allowing us to keep the horizontal extent of our computational domain constant in the

analyses to follow in this as well as in the next chapter. The vertical extent of the com-

putational domain has been chosen to be 30 times the half shear layer depth, h. This is

sufficiently large to ensure that the flow remains unaffected by the horizontal boundaries

even in cases in which pairing occurs. Resolution studies have been conducted to ensure

that all the simulations are fully resolved. As a first step in verifying the accuracy of

our numerical methodologies, numerical results of Caulfield & Peltier (2000) were repro-

duced. We postpone discussion of a solid test of accuracy of the simulations to the next

chapter in which we will discuss results of high-resolution 3D numerical simulations of

the lifecycle of KH instability.

Table 2.1 includes a list of all two-dimensional numerical simulations which will be

employed to provide background flows during the laminar phase of KH wave evolution

to serve as basic states for the purpose of our secondary stability analyses. All simula-

tions are initialized by addition of a very small amplitude perturbation in the form of

the most unstable KH mode to the velocity and density fields defined by the background

profiles (2.1,2.2) to stimulate the growth of primary KH instability and save computa-

tional resources. To ensure that this initialization does not have any significant impact

on the results, the amplitude of this initial disturbance is chosen to be extremely small

with its corresponding kinetic energy being 10−5 times that of the background shear flow

enclosed within a distance of 5h from the centre of the shear layer. To allow for an

unbiased initiation of any secondary instability to which the flow may be prone, we also

add incompressible white noise to the velocity field and white noise with zero mean to

the density field. Free-slip impermeable boundary conditions on velocity components are

applied at the top and bottom boundaries of the domain, together with a condition of

zero density flux.
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Re Ri0 Pr Nx Nz

1000 0.12 1 768 800
2000 0.04 1 768 800
2000 0.12 1 768 800
2000 0.16 1 768 800
2000 0.20 1 768 800

Table 2.1: Two-dimensional numerical simulations performed to provide the basis for the
non-separable secondary stability analyses discussed in this chapter.

2.3 Method of non-separable linear stability analysis

In this section, we discuss the methodology to be employed to test the stability of the

two-dimensional nonlinear flow fields (obtained from numerical simulations) to three-

dimensional perturbations. The method we employ is that developed by Klaassen & Peltier

(1985) and employed previously by Smyth & Peltier (1991) and Caulfield & Peltier (2000)

as reviewed in Peltier & Caulfield (2003). This methodology is an extension of the earlier

work of Clever & Busse (1974) on the stability of 2D steady state convection against 3D

perturbations. For additional details concerning the methodology, the reader is referred

to Klaassen & Peltier (1985).

Beginning from the Boussinesq governing equations introduced in §2.2, we divide

the total flow fields into a basic time-evolving 2D state, which is represented by two-

dimensional flow fields obtained from the DNS simulations, and 3D perturbation fields.

This decomposition may be written explicitly as:

f(x, y, z, t) = f̃(x, z, t) + f ′(x, y, z, t), (2.8)

where f represents any one of the three components of the velocity field or the density

or pressure field. The corresponding fields of the two-dimensional background KH wave

are represented by f̃ and the three-dimensional perturbations to the background fields

are represented by f ′. Upon substitution of (2.8) into the governing equations, and
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linearizing in the 3D fluctuations, the coefficients of the various perturbation terms in

the resulting equations comprise the KH wave fields Ũ , W̃ and ρ̃ and their derivatives.

These coefficients are all independent of the cross-stream y-coordinate and are periodic

in x with the same wavelength as the primary KH wave. Hence, based on the basic ideas

of Floquet theory (e.g. Jordan & Smith (1977)), we may separate the structures of the

perturbation fields as:

f ′(x, y, z, t) = ξf̂(x, z, t)ei(bx+dy), (2.9)

in which f̂(x, z, t) represents Floquet coefficients and is periodic in x, ξ is an ordering

parameter and b and d are the streamwise and spanwise wavenumbers of the 3D pertur-

bations. Note that the total fields are periodic in x only if b is commensurate with λ,

the wavenumber of the KH wave. Equation (2.9) may be further simplified by noting

that experimental observations and high resolution numerical simulations have shown

that the secondary instabilities of interest to us grow to finite amplitude very quickly

compared with the evolution of the original 2D KH wave. Hence, we may assume that

the flow evolves on two separate time scales, the slower being that of the background KH

wave. We may therefore ignore the time dependence of the Floquet coefficients and (2.9)

is reduced to the form:

f ′(x, y, z, t) = ξf̂(x, z)ei(bx+dy)+σt, (2.10)

where σ is the complex growth rate of the disturbances. This time separation is of course

subject to justification a posteriori. Following Klaassen & Peltier (1985), the total fields

f̃ + ξf̂ei(bx+dy)+σt are substituted into the governing equations and the background 2D
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field is subtracted to obtain linearized equations at order ξ:

σû = −Ũ(∂x + ib)û− W̃ ûz − (∂x + ib)Ũ û− Ũzŵ − (∂x + ib)p̂ +Re−1∇2û, (2.11)

σv̂ = −Ũ(∂x + ib)v̂ − W̃ v̂z − idp̂+Re−1∇2v̂, (2.12)

σŵ = −Ũ(∂x + ib)ŵ − W̃ ŵz − (∂x + ib)W̃ û− W̃zŵ − p̂z +Riρ̂+Re−1∇2ŵ,(2.13)

σρ̂ = −Ũ(∂x + ib)ρ̂− W̃ ρ̂z − (∂x + ib)ρ̃û− ρ̃zŵ + (RePr)−1∇2ρ̂, (2.14)

0 = (∂x + ib)û + idv̂ + ŵz, (2.15)

where û, v̂, ŵ, ρ̂ and p̂ are the (x, z)-dependent parts of the streamwise, spanwise and ver-

tical velocity, density, and pressure perturbations, respectively, and where the differential

operator

∇2 ≡ (∂x + ib)2 + ∂2z − d2. (2.16)

A diagnostic equation can be obtained for p̂ by combining (2.11), (2.13) and (2.15) to

obtain

∇2p̂ = Ri(∂x + ib)ρ̂− 2((∂x + ib)Ũ(∂x + ib)û+ W̃zŵz (2.17)

+ (∂x + ib)W̃ ûz + Ũz(∂x + ib)ŵ).

Replacing (2.15) with (2.17) decouples (2.12) from the rest of the system and we can

solve equations (2.11), (2.13), (2.14) and (2.17) for û, ŵ, ρ̂ and p̂. Either of the equations

(2.12) or (2.15) may then be used to calculate v̂ and the agreement between the two

solutions for v̂ can be employed as a measure of the accuracy of the calculations.

In order to convert the resulting equations into an eigensystem, the (x−z) dependence

of the solution fields are descretized using the Galerkin method. To do so, we expand
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the perturbations using the expansions

û =

L
∑

λ=−L

N
∑

ν=0

uλνFλν , ŵ =

L
∑

λ=−L

N
∑

ν=0

wλνGλν , (2.18)

ρ̂ =
L
∑

λ=−L

N
∑

ν=0

ρλνGλν , p̂ =
L
∑

λ=−L

N
∑

ν=0

pλνGλν ,

where

Fλν = eiλαx cos
νπz

H
, Gλν = eiλαx sin

νπz

H
. (2.19)

We next substitute (2.18) into the system of equations (2.11-2.17) and diagonalize

the left hand side of the system by taking proper inner products. Then we solve equation

(2.17)for pλν and the result is substituted into (2.11-2.13). This leads to a set of linear

algebraic equations for the coefficients û, ŵ and ρ̂ as

σuκµ =< UU >λν
κµ uλν+ < UW >λν

κµ wλν+ < UT >λν
κµ ρλν , (2.20)

σwκµ =< WU >λν
κµ uλν+ < WW >λν

κµ wλν+ < WT >λν
κµ ρλν , (2.21)

σρκµ =< TU >λν
κµ uλν+ < TW >λν

κµ wλν+ < TT >λν
κµ ρλν . (2.22)

The expressions for the < >λν
κµ terms are long and can be found in the appendix of

Smyth & Peltier (1991). The system of equations (2.20), (2.21) and (2.22) can be com-

piled into the form σVi = AijVj, where A is a constant matrix and V is the concatenation

of uλν , wλν and ρλν . Eigenvalues of A are computed using exactly the same methods em-

ployed by Klaassen & Peltier (1985).

The truncation level N for the Galerkin expansions in (2.18) is chosen based on the

scheme proposed by KP85, namely:

L(ν) =

[

N − ν

2
− b

α

]

. (2.23)
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where the square brackets mean “the largest integer not exceeding the value of the en-

closed quantity” and N should be an odd integer. The value of N is limited by two

factors: 1- The limited memory of the machines used to solve the eigensystem and 2- hu-

man labour. In the analyses to follow in following subsections we choose N = 37 based

on these two limiting factors. Once the eigenvalues (σ, b, d) are found, the dynamical

processes that govern the evolution of a given disturbance may be diagnosed by means

of the equation of the perturbation kinetic energy defined by

K′ =< (û∗û+ v̂∗v̂ + ŵ∗ŵ) >, (2.24)

where stars represent complex conjugate and angle brackets represent the integral

< >=
2π

λ

∫ 2π/λ

0

2π

d

∫ 2π/d

0

∫ H

0

dx dy dz, (2.25)

where H is the domain height. The growth rate of the perturbation kinetic energy of a

disturbance can be calculated following Klaassen & Peltier (1985) by using

σr ≃
1

2K′

dK′

dt
= Sh + St +Ri H +D/Re, (2.26)

where the terms on the right hand side represent the contributions to the growth rate of

the perturbation kinetic energy K′ due to the shearing (Sh) and straining (St) deforma-

tions of the basic 2D velocity field, convection associated with unstable density gradients

(H), and viscous dissipation (D). Explicit expressions for these terms are:

Sh = − < (W̃x + Ũz)(û
∗ŵ)r > /K′,

St = − <
1

2
(Ũx − W̃z)(û

∗û− ŵ∗ŵ) > /K′,

H =< (ŵ∗ρ̂)r > /K′,

D =< (û∗∇2û+ v̂∗∇2v̂ + ŵ∗∇2ŵ)r > /K′, (2.27)
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where Ũ and W̃ are the streamwise and vertical velocity components of the background

2D flow (represented by f̃ in (2.8)) and the quantities denoted by ‘ˆ’ are the perturbation

fields.

We note that the assumption of existence of a clear separation between timescale of

evolution of the background state and that of the perturbations is subject to a rigorous

a posteriori test which will be performed for each of the individual cases to be discussed

in the following sections. Finally, it is worth mentioning that as a first step in verifying

the accuracy of the abovementioned methodology, we reproduced the results of the non-

separable linear stability analysis of Klaassen & Peltier (1985).

2.4 Detailed stability analysis for Re = 1000 and Ri0 =

0.12

In this section, we will describe in detail the results of the stability analysis for a case

with Pr = 1, Re = 1000 and Ri0 = 0.12. This specific case is chosen since it has a

Reynolds number sufficiently higher than those explored previously in Klaassen & Peltier

(1985) and Caulfield & Peltier (2000). This will potentially lead to identification of new

secondary instabilities, and will enable comparison with earlier studies. In the next

section we will extend analysis of this section to higher Reynolds numbers and to a wider

range of Richardson numbers. Influence of the Prandtl number on characteristics of

instabilities will be explored in the next chapter.

Figure 2.1 shows the spanwise vorticity field for various times in the flow evolution

of the background 2D KH billow upon which we perform linear stability analysis. Time

t = 60 is the time when the KH billow attains its maximum height and is referred to as

the time of “climax” (denoted by t∗) of the primary 2D KH instability. Up to this point,

the shear layer has rolled-up into a spatially periodic sequence of growing cores leading

to an increase in the total potential energy of the system at the cost of the total kinetic
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Figure 2.1: Spanwise vorticity contours at various stages of flow evolution for Re = 1000,
Ri0 = 0.12. The horizontal and vertical axes represent x (for 0 < x < 28.5) and z (for
3 < z < 17) respectively.

energy. The blue spanwise vorticity bands shown in the figure coincide with the regions

inside the cores which are statically unstable (i.e. heavy fluid resides above lighter fluid)

and can thus become convectively unstable. At time t = 52, the first pair of unstable

regions begin to form. The third panel in the figure (corresponding to t = 67) and

the subsequent panels illustrate the evolution of such convectively unstable regions over

time. As was shown in Klaassen & Peltier (1985) and Caulfield & Peltier (2000) these

layers become convectively unstable, leading to formation of convective rolls which align
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themselves with the background shear.

We begin our secondary stability analysis for this case at the climax time (t∗ = 60).

At this time, the cores have not grown overly large in the horizontal so as to impinge upon

the stagnation point which forms in the middle of the braid (the thin vorticity layer which

connects two neighbouring vortex cores) and there is an extended length of braid which

might be susceptible to secondary instabilities. Figure 2.2 shows the perturbation kinetic

energy and density eigenfunctions for the fastest growing mode at time 60 for d = 0 (i.e.,

2D perturbations). The K′ eigenfunction shows that the mode is centred precisely on

the braid and has a braid-streamwise wavelength of 1.38 (wavenumber of 4.56) near the

stagnation point. It also has a growth rate of σr = 0.69. The wavelength is about

4.6 times the braid thickness at the stagnation point which exists at the middle of the

braid (Corcos & Sherman (1976)). This value is smaller (due to the action of the strain

field) than the factor of about 7 corresponding to infinite horizontal shear layers. The

wavenumber and the growth rate are close to those found by Smyth (2003) by performing

secondary stability analysis for an infinitely long titled vorticity filament. We expect the

flow field induced by the growing cores to considerably affect the eigenfunctions of this

mode during flow evolution. This mode represents shear instability of the braid and will

be referred to as the Secondary Shear Instability (SSI) hereafter. As more unstable modes

(and hence more acronyms) will be introduced in this and the following subsection, we

have included an ‘instability index’ in the appendix in which we include eigenfunctions

of all important instabilities (to be introduced) for quick reference.

The next few fastest growing modes of instability for d = 0 are all found to be similar

to that shown in Figure 2.2 but with slightly smaller growth rates and different braid-

streamwise wavenumbers. To our knowledge, SSI has always been assumed to be two-

dimensional (as might be suggested by a simple extension of Squire’s theorem (1933)).

However, according to our analysis, unstable modes also exist for d > 0 and hence SSI

is of a 3D nature. Figure 2.2 (d) shows the variation in the growth rate of the fastest
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growing mode of SSI with variations in the wavenumber, d, for t = 60, 79. Although

at t = 60 the SSI seems to have the fastest growth rate at d ∼ 0, at t = 79 its growth

rate increases with d and there seems to be a high wavenumber cut-off limit at d ∼ 4.

It should be noted that Squire’s theorem applies to parallel flows and therefore should

not be extended to the braid of a KH billow which is subject to a strain field. Even

for a parallel shear flow, there are circumstances in which Squire’s theorem permits the

possibility of the flow bifurcating directly to a 3D state (see Smyth & Peltier (1990) for

an example). Since the fastest growing mode is of long-wavelength (having a wavelength

comparable to the background KH wave), a long spanwise domain extent is required for

3D simulations to capture it. As SSI has maximum growth rate at d close to zero, similar

to pairing instability it is most likely to arise as a two dimensional structure unless there

are long wavelength spanwise perturbations in the system. It has been shown in the

literature (Cortesi et al. (1998) and Ashurst & Meiburg (1988) among others) that even

very small amplitude spanwise perturbations of proper wavelengths can lead to three-

dimensional pairing. It will be interesting to further investigate, through 3D simulations,

the role of spanwise perturbations on SSI.

Even though our stability analyses reveal the SSI modes, they are not realized in

our 2D simulation shown in Figure 2.1. To demonstrate the reason for this, we track

evolution of the SSI for various times during flow evolution (50 < t < 90) by repeating

the stability analysis. The result is illustrated in Figure 2.6 by the solid line with open

circles which establishes that as the cores grow in the streamwise direction beyond the

climax time, the growth rate of the SSI mode diminishes. Moreover, the along-braid

extent of the SSI modes decreases with time beyond t∗. This can be seen by comparing

panel (c) of Figure 2.2, which shows the density eigenfunction for the d = 0 SSI mode

at t = 67, with panel (b) for t = 60. The same is true for the d > 0 SSI modes as can

be seen in Figure 2.2 by noting that the family of SSI modes have larger growthrates at

t = 60 compared to t = 79 (panel (d)). The continuous decrease in the growth rate and
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spatial extent of the instability with time strongly reduces the probability of formation

of vortices on the braid.

Next we turn our attention to the braid deformation at the stagnation point. In

figure 2.3, we overlay the spanwise vorticity contours with instantaneous streamlines for

a sequence of times from t = 67 to t = 82. Contours of braid local Richardson number

(RiB; defined based on the velocity and density profiles across the braid’s mid-point)

are also shown on the same figure for t = 79 and 87. As the outermost vorticity bands

in the cores (blue bands) approach the stagnation point, the streamlines adjacent to

the braid are deformed and stretched towards the vorticity bands due to the velocity

field induced by the negative vorticity in the bands. By t = 79, the streamlines are

significantly deformed compared to their initial orientation and a small recirculating

region forms in the middle of the braid. This region reaches a maximum strength at

t = 82 before dissipation due to depletion of the braid vorticity as the vorticity bands of

the cores completely surround the braid. As mentioned earlier, this depletion of spanwise

vorticity also marks the onset of the pairing instability. To better understand how the

streamline deformation leads to the emergence of the recirculating region, a schematic

plot is also included in the bottom row of Figure 2.3 which shows that at earlier stages

in the evolution of the flow the streamlines have the form of a pure strain field. However,

as the streamlines become deformed due to the influence of the approaching cores, the

stagnation point is split as indicated by the stars in the schematic. The velocity field along

the braid takes the form of a to-the-right and upward flow on the upper surface of the

braid and a to-the-left and downward flow on the lower surface of the braid. This makes

it possible for a recirculating region to form between the two starred points. Even though

this region dies out fairly rapidly in this case, we will show in the next chapter that in

certain circumstances it may grow so significantly as to produce important modifications

of the flow, including both the braid and the core.

To better understand the effect of the braid deformation on the global structure of the
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Figure 2.2: (a) The perturbation kinetic energy eigenfunction, K′ (defined in (2.24)) and
(b) density eigenfunction for the secondary shear instability (SSI) with d = 0 and for the
time t∗ = 60; (c) The density eigenfunction for the d = 0 SSI mode at t = 67; (d) growth
rate versus the spanwise wavenumber d for the SSI mode at t = 60 and t = 79 (dashed
lines), the secondary convective instability (SCI) mode at t = 60 and t = 79 (solid lines),
the stagnation point instability (SPI) mode at t = 79 and t = 82 (dashed-dotted line)
and the pairing mode (thin dashed line in the bottom left corner of the plot); (e) same
as panel d but zoomed over the (0 < σ < 1, 0 < d < 0.5) range. The horizontal and
vertical axes in panels (a-c) correspond to x and z, respectively, and can be used to make
comparisons with Figure 2.1.
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KH billows, we have performed additional stability analyses for t = 80 and t = 87. The

fastest growing mode for t = 80 is shown in Figure 2.4(a). The instability is not limited

to the braid and it also affects the vorticity bands in the core. This can lead to formation

of isolated vortices inside the cores as shown by the fastest growing mode of instability

at t = 87 in panel (b). The formation of these vortices, together with the formation of

the recirculating region in the middle of the braid have been previously reported in the

simulations of Staquet (1995). We refer to this instability as the Secondary Vorticity

Band Instability (SVBI) since it is triggered by the fusing of the spanwise vorticity

bands inside the core. This instability has a much shorter life-time and smaller growth

rate compared to the SCI.

The maps of RiB in Figure 2.3 establish that during the period of braid deformation,

the portion of the braid in which RiB < 0.25 is limited to the deforming section around

the stagnation point. The two maps show that RiB decreases with time in the deforming

region and tends to zero as the braid spanwise vorticity is depleted. This rapid decrease

in RiB renders the region more susceptible to shear instability. Figure 2.4(b) establishes

the possibility of formation of two vortices at the tips of the deformed braid region shown

in figure 2.3. Our simulation demonstrates that this does not occur when the pairing

process dominates. However, if the pairing process were retarded, we would expect that

the vortices would form. This happens in a similar case but for Re = 2000 as will be

shown for a case with Re = 2000 and Ri0 = 0.12 in the next chapter.

Figure 2.2(d) shows that for small values of d and at early stages of flow evolution,

SSI modes are dominant insofar as their growth rates are concerned. However, for d

sufficiently large, secondary three-dimensional convective instabilities are predicted by

the stability analysis. One of the main 3D instabilities is known to be the shear-aligned

Secondary Convective Instability (hereafter SCI). The structure of the convective modes

along with their finite-time evolution has been discussed at length in Klaassen & Peltier

(1985) and Caulfield & Peltier (2000) and hence will not be discussed here. An eignenfuc-
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Figure 2.3: The top row and the left panel of the bottom row show spanwise vorticity
contours overlaid by the streamlines zoomed on the stagnation point. The contour levels
are similar to figure 2.1. The center and right frames in the middle row show the contours
of the braid Richardson number, RiB, overlaid by streamlines. Any region with RiB >
0.25 is whited out. The final row is a schematic plot which shows the streamlines before
and after the core vorticity bands have made the stagnation point split into two and
move further away from the middle of the braid.

tion of this mode, which overlaps with the convectively unstable regions inside the vortex

cores, can be seen in the instability index in Appendix 2.7. For our current purposes, it

suffices to say that unlike the SSI group, the SCI modes are oscillatory and emerge in

form of two waves which travel in opposite directions and by doing so form stationary

or standing waves. It will be shown in the next chapter that such standing waves lead

to formation of counter rotating shear-aligned convective rolls. In Figure 2.2(d) we have

plotted the variations of the growth rate versus the spanwise wavenumber d for the fastest

growing SCI mode for times 60 and 79. For d < 2, the SSI modes dominate at t = 60
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Figure 2.4: The density eigenfunction for (a) the fastest growing d = 0 mode of the SVBI
at t = 80 and (b) the fastest growing two-dimensional mode at t = 87.

while for larger values of d the SCI mode dominates by a wide margin. This domination

continues for an extended period of time as is established by comparing the t = 79 SSI

and SCI curves in figure 2.2(d).

Another oscillatory secondary instability supported by the background KH wave is the

pairing instability, the 2D version of which was discussed in detail in Klaassen & Peltier

(1989). We have found a continuous range of small wave numbers for which pairing

can occur. The thin dashed line in figure 2.2(d) shows the corresponding growth rate

curve for the pairing modes. The fastest growing mode is the 2D pairing mode (d = 0)

and a high wavenumber cut-off limit of d ∼ 1 is found by our analyses. The three-

dimensional nature of the pairing instability has already been pointed out in theoretical

studies of Pierrehumbert & Widnall (1982) and Smyth & Peltier (1994) for homogeneous

shear layers. Our analyses extend this result to stratified shear layers. As pointed out by

Pierrehumbert & Widnall (1982), d > 0 pairing modes can lead to ‘helical’ or ‘localized’

pairing of vortex cores. The pairing mode retains a growth rate close to its early values

for an extended period of time. In most of our 2D simulations, it ultimately leads to

an actual pairing of the cores. A fundamental issue is under what circumstances pairing

may be entirely prevented, it being unusual in the high Reynolds number circumstances

characteristic of the atmosphere and oceans.
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The final instability revealed by our analyses for this case is one which is also three-

dimensional. Figure 2.5 illustrates various eigenfunctions for this instability at time

t = 82. This mode is composed of a single localized counter-rotating pair of vortices that

surround the stagnation point. The growth rate of this family of modes is independent

of the streamwise wavenumber (parameter b) and so their structure may vary from one

braid to the next. For example, the instability might occur only on every other braid

etc. Since this mode is localized on the stagnation point, we refer to it as the secondary

Stagnation Point Instability (hereafter referred to as SPI). As will be discussed in detail

shortly, this mode emerges due to the action of the strain field induced by the vortex

cores on the braid. Unlike SVBI however, this mode is local to the stagnation point.

There is a continuous range of spanwise wavenumbers over which the SPI exists. Figure

2.2(d) plots the variations of the growth rate versus d for times 79 and 82. Both curves

show a peak around d = 7 which is close to the value of d = 8.5 corresponding to the

fastest growing mode of the convective instability of the core. Comparing the two curves

shows that the strength of the instability increases rapidly over a very short period of

time. Near time t = 80, the fastest growing SPI mode has a larger growth rate than the

fastest growing SCI mode. On this basis we suggest that if, in a three-dimensional flow,

onset of the SCI has yet to occur, the SPI would have a significantly better chance of

emerging compared to all of the other instabilities we have identified. The SPI modes

shown in figure 2.5 emerge in our stability analysis once the cores have grown large and

their outermost unstable regions have gotten extended close to the stagnation point. As

the growthrate of the SPI shows little sensitivity to the spanwise wavenumber for large

wavenumbers, similar to the SCI this mode is capable of injecting energy into small scales

facilitating a transition to turbulence.

This mode and its distinction from the SSI was briefly noted in Klaassen & Peltier

(1989) for Re = 300. However, further investigation of the mode was not pursued in that

study due to the insufficient degree of convergence of its eigenfunction and also because
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Figure 2.5: (a) The perturbation kinetic energy eigenfunction, K′, (b) density eigenfunc-
tion, (c) spanwise vorticity eigenfunction and (d) Sh eigenfunction for the fastest growing
mode of SPI with d = 7 and for the time t = 82.

of its considerably smaller growthrate compared to the SCI at the low Reynolds number

of 300.2 There are two major differences between SPI and SSI. First, SPI is local to the

stagnation point whereas SSI vortices are advected (upon formation) by the braid velocity

field towards the vortex cores. Second, SPI is a highly 3D mode with large growthrates

at high wavenumbers whereas SSI is a long wave mode which will most probably develop

in a 2D fashion unless there is appropriate spanwise perturbations and the flow domain

extends sufficiently large in the spanwise direction.

Figure 2.6 plots the growth rate of the fastest growing modes of the set of secondary

instabilities we have identified for Re = 1000 and Ri0 = 0.12. These growth rates must

be compared to that of the timescale of evolution of the background KH wave to verify

the validity of our assumption of the existence of a separation of timescales between

2 The two SPI (σ−d) curves in figure 2.2(d) do not extend to d = 0 (while Klaassen & Peltier (1989)
reported this mode only for d = 0) because at small values of d, SSI modes dominate the hierarchy of
eigenvalues, making the detection of SPI at d = 0 difficult. SSI modes did not exist at the low Reynolds
number considered in Klaassen & Peltier (1989).
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the secondary instabilities and the basic state wave. The growth rate of the primary

KH billow is plotted in figure 2.6 as a thin solid line which almost coincides with the

σr = 0 axis. The curve has a maximum value of 0.017 while the minimum value for the

mode with the smallest growth rate (i.e., the pairing mode) is 0.138. This confirms the

existence of an appropriate timescale separation.

Figure 2.6 shows that over almost the entire time period between t∗ and the onset of

pairing which commences at t ∼ 85 (in our 2D simulation, and not in a full 3D flow field)

as shown in the figure by the second vertical dashed line (which marks the onset of vortices

orbiting each other precursory to pairing), the SCI dominates the other instabilities by

a wide margin. Since the onset of the SCI is followed by a fast transition to turbulence,

emergence of SCI will most probably partly or entirely suppress the emergence of other

secondary modes. In the next chapter we will explore regions in parameter space where

two or more of these instabilities can coexist, or where some may precede the secondary

convective instability.

Figure 2.6 shows a monotonic decrease with time in the growth rate of SSI. This is

due to the growing negative influence of the straining contribution of the background

flow to the growth of the instability. According to figure 2.6, the SPI is characterized by

a non-monotonic behaviour, whereas the SSI mode becomes weaker monotonically and

the growth rate of the pairing instability shows long-period fluctuations around a mean.

This is because the pairing instability depends only on the large scale structure of the

flow (Klaassen & Peltier (1989)) whereas the SSI depends on the braid structure which

changes continuously (Smyth (2003)) and the SPI is sensitive to the flow variations at

the stagnation point (as described earlier).

An important point follows by comparing the SCI curve in figure 2.6 with the con-

vectively unstable region shown in figure 2.1. This comparison demonstrates that the

convectively unstable region becomes subcritical at approximately the same time as the

growth rate of the SCI mode sharply diminishes. Comparing the growth rate of the SCI
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Figure 2.6: The results of the stability analysis for fastest growing modes of various
modes during the evolution of case 1000-1-0.12: The solid curve with filled circles for
SCI with d = 8.5, the solid line with open circles for SSI with d = 0, the solid line with
diamonds for the pairing instability, the solid line with filled triangles for SPI with d = 7,
the dashed curve with no marker for the secondary vorticity bands instability (SVBI)
with d = 0, and the thin solid line (almost coincident with the σ = 0 axis) for the growth
rate of the background KH wave, σKH. The symbols show the actual data points for
which the analysis has been done while the lines are spline fits. The vertical dashed line
shows the time of maximum K′, t∗.

(for Re = 1000) to the values reported by Klaassen & Peltier (1985) (for Re = 300)

reveals considerable increase in growth rates with the Reynolds number.

Since a large number of the simulations in the published literature on the secondary

instability of the braid have been restricted to two space dimensions, based on our analysis

we questioned the extent to which the results of those studies are relevant to three

dimensional reality. Figure 2.6 in particular reveals the existence of a number of highly

three-dimensional instabilities some or all of which will almost certainly coexist with

(if not precede) the 2D instabilities which have been discussed in the 2D-simulation

based literature. Therefore, the relevance of such 2D studies to the evolution of a three-

dimensional flow, especially in the post-transition phase, is questionable.
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Perhaps one of the most important findings of this section concerns the discovery of

the existence of the SPI and SVBI modes which develop in the middle of the braid and

tend to roll up or to deform the braid at its stagnation point. These modes exist for a

wide range of spanwise wavenumbers. The fastest growing mode of the SPI has a span-

wise wavenumber close to that of the fastest growing mode of the secondary convective

instability. An observational example of the SPI mode seems to be seen in figure 14

of Moum et al. (2003) which shows a KH billow forming on the interface of an internal

solitary wave approaching the shore. At this point, we speculate that it may well be that

the onset of SPI along with SCI (and other 3D short wave modes which exist in the high

Reynolds number regime) is responsible for strongly inhibiting the occurrence of pairing

and thus the upscale cascade of energy in turbulent stratified shear flows. The possibility

of finite amplitude growth of a highly three-dimensional instability which grows at the

stagnation point of a strain field in the presence of shear and which extracts its energy

from the stain field, may have important implications for turbulence transition in other

examples of geophysical flows. Such implications will be investigated in the next chapter.

We conclude this section by pointing out that even though SPI is hard to distinguish

from SSI vortices on the braid in 2D simulations, the two have very different spanwise

length scales (with SPI being a shortwave mode which will contribute more effectively to

transition to turbulence). Moreover, SPI is a phase-locked instability which remains at

the stagnation point for a considerable length of time whereas SSI vortices move along

the braid and towards the cores upon formation. These two major differences provide a

means of exactly distinguishing SPI from SSI in both 3D simulations and in laboratory

experiments (provided that flow conditions required for SPI to grow can be provided in

a laboratory setting).



Chapter 2. Linear stability analysis of a stratified free shear layer 45

2.5 Influence of Reynolds and Richardson numbers

on characteristics of secondary instabilities

In this section we extend the analysis of the previous section to Re = 2000, and also

investigate the combined influence of stratification and shear on evolution of secondary

instabilities by considering a range of Richardson numbers from a low value of Ri0 = 0.04

(which mimics the limit of unstratified flows) to Ri0 = 0.2 which is just sub-critical with

respect to the Miles-Howard criteria for shear instability (Miles (1961); Howard (1961)).

Stability analysis for Re = 2000 and Ri0 = 0.04

Figure 2.7 shows the evolution of the vorticity field of the flow for a sequence of times

in the course of its evolution. Compared to the case discussed in the previous section,

this case has a higher Reynolds number and a lower Richardson number. The figures

reveal no trace of SSI, or of any other mechanism of secondary vortex formation on the

braid. By t = 56, the negative vorticity bands in the cores have grown sufficiently intense

and come sufficiently close to the stagnation point to cause a slight deformation at the

centre of the braid. At t ∼ 65, the braid’s vorticity is exhausted and by t = 70 a braid

with vorticity of opposite sign has formed. This transition marks the onset of the pairing

process. Beyond this point, the pairing instability grows and a strong braid with positive

vorticity is re-established. As the last panel in Figure 2.7 shows, no sign of SSI is observed

even on the post-merging braid.

Figure 2.8 provides the results of stability analysis for this case. Panel (a) shows the

time variations of the growth rates for the fastest growing modes of various secondary

instabilities. Comparing the curves for SCI (at d = 8) and SSI (at d = 0) shows that at

early stages of flow evolution (prior to t∗ depicted approximately by the vertical dashed

line in the figure), the SSI has a growth rate comparable to or even larger than that

of the SCI. However, SSI weakens with time due to the strain field associated with the



Chapter 2. Linear stability analysis of a stratified free shear layer 46

Figure 2.7: Spanwise vorticity at various stages of flow evolution for Re = 2000 and
Ri0 = 0.04.
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Figure 2.8: Results for the case Re = 2000 and Ri0 = 0.04: (a) results of the stability
analysis for fastest growing mode of various modes during the flow evolution, and (b)
growth rate versus the spanwise wavenumber, d, for various modes. Line attributes in
panel (a) are: Solid line with filled circles for SCI at d = 8, solid line with hollow circles
for SSI at d = 0, solid line with hollow diamonds for the pairing instability at d = 0,
solid line with stars for SCDI at d = 0, solid line with filled triangles for SPI at d = 7,
and thick dashed line for SVBI (d = 0). The vertical thin dashed line shows the climax
time, t∗.
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vortex cores while SCI strengthens. For most of the duration of flow evolution, the

three-dimensional SCI modes remain dominant (in terms of growth rate). Other growth

rate curves in panel (a) include that for the pairing mode, which has a small growth

rate compared to the other instabilities but is long lived, the SVBI mode which appears

only for a limited range of time, the SPI mode which comes into play at later stages

of the flow evolution. Also, a further new instability which was not revealed in the

lower Reynolds number analyses of the previous section and we will refer to here as the

Secondary Core Deformation Instability (SCDI). The density eigenfunction of this mode

for time t∗ is shown in figure 2.9(a) which reveals the tendency of this mode to diagonally

inflate the vortex cores. As shown in figure 2.8(a), this mode has significant growth rate

only for a limited range of time. This mode is oscillatory (i.e., it has a non-zero σi)

and extracts most of its energy from the strain field of the background flow (i.e., St in

equation (2.27)). Figure 2.9(b) shows the K′ eigenfunction for the fastest growing mode

of three-dimensional SPI (d = 7) at t = 70.

Among the various modes considered in figure 2.8, only the pairing, SSI, SVBI, and

SCDI modes would be expected to have any chance of emerging in 2D simulations. Since

the growth rate of SSI and SCDI decreases with time as t → 65, they do not emerge in

our simulation and thus only the pairing instability is fully realized. In the time window

55 < t < 70 however, the SVBI does lead to the development of a slight braid deformation

as shown in figure 2.7.

Panel (b) in figure 2.8 shows the variations in the growth rate of various modes versus

the spanwise wavenumber. All curves are plotted for t∗ except for the SPI curve which

is plotted for t = 70 (SPI is not yet detected at t∗). The fastest growing SCI mode has

a spanwise wavenumber of d = 8 whereas the SPI peaks at d = 7 and the SSI peaks at

d = 2. The SCDI mode is also of a 3D nature but its fastest growing mode is 2D and

there is a cut-off wavenumber of d ∼ 2.
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(a) (b)

Figure 2.9: (a) The density eigen function for the fastest growing SCDI mode (d = 0) at
t = 41 overlaid on the vorticity contours; (b) the K′ eigenfunction for the fastest growing
mode of the three dimensional SPI sequence (d = 7) at t = 70.

Stability analysis for Re = 2000 and Ri0 = 0.12

We turn our attention next to a case with Re = 2000 and Ri0 = 0.12. The flow visual-

izations for the background flow are presented in figure 2.10. Once the intense vorticity

bands of the core extend so as to become sufficiently close to the braid, an instabil-

ity which leads to deformation of the braid and roll-up of two small secondary vortices

occurs. Once the cores’ vorticity bands reach the braid, the braid vorticity is drained

(90 < t < 100) and this marks the onset of pairing.

Figure 2.11 presents plots similar to figure 2.8 for this case. Panel (a) shows the

results of the secondary stability analysis for this case. Similar to previous cases, SCI

still obtains the highest growth rate over a wide range of time. However, for a considerable

time period in the early stages (40 < t < 65), the SSI has a growth rate comparable to

the SCI. σSSI grows slightly in the time range 40 < t < 65. Therefore, SSI has a high

chance of emerging at an early stage of flow evolution while its chances rapidly diminish

because of the growing strain field induced by the vortex cores.

Among the additional instabilities tracked in figure 2.11(a) is the SCDI which has

a growth rate smaller than the SSI but larger than the pairing instability. All three

of these instabilities are characterized by slight variations in their growth rates with
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Figure 2.10: Spanwise vorticity contours at various stages of flow evolution for Re = 2000
and Ri0 = 0.12.
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Figure 2.11: Same as figure 2.8 but for Re = 2000 and Ri0 = 0.12. Line attributes in
panel (a) are: Solid line with filled circles for SCI at d = 10, solid line with hollow circles
for SSI at d = 0, solid line with hollow diamonds for the pairing instability at d = 0,
solid line with stars for SCDI at d = 0, solid line with filled triangles for SPI at d = 11.5,
the dashed line for SVBI, and the dotted line with filled squares for LCVI at d = 11.

time. Similar to the previous case, the growth rate of the SPI (for d >∼ 8) becomes

significant at later stages of flow evolution. Our analysis detects this mode for times
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beyond t = 70. Another 3D instability is detected for this case and its saturated growth

rate for d >∼ 8 is shown in figure 2.11(a) as a dotted line with filled squares. This

mode has a continuous spectrum of spanwise wavenumbers ranging from very small ‘d’s

(near zero) to very large values (d = 12 was the upper limit to which our analyses were

extended). Figure 2.12 shows the eigenfunctions of this instability for d = 2 (panel (a))

and d = 10 (panel (b)). This instability implies the tendency of formation of counter-

clockwise vortices at the tips of the blue (negative) vorticity bands in the cores. Therefore,

we will refer to this instability as Localized Core Vortex Instability (LCVI) hereafter.

Once the vorticity bands have grown large enough in the cores, the LCVI can emerge

provided that the vorticity magnitude is also strong enough inside the band. The strength

of the vorticity bands increases with the Richardson number. That is why this instability

was not detected for Re = 2000, Ri0 = 0.04. Moreover, a higher Reynolds number also

promotes LCVI since it makes the roll-up process faster leaving less time for the vorticity

gradients inside the cores to diffuse. This explains why this mode was not detected for

Re = 1000, Ri0 = 0.12. A close look at Figure 2.10 shows that apart from the positive-

vorticity vortices formed on the braid (red vortices), negative (blue) vortices also form

inside the cores which establish the emergence of the LCVI.

Figure 2.11(b) plots the variations in the growth rates versus the spanwise wavenumber

for various modes detected for this case. The curves in the plot are made at the KH wave

climax state for SSI, SCI, and SDI and at t = 81 for the late emerging instabilities, SPI

and LCVI. Although the σSSI shows small variations with d, the SSI curve extends to

larger values of d compared to the case with Re = 1000 and Ri0 = 0.12. This implies

that the spanwise scales of motion associated with SSI have become smaller with increase

in the Reynolds number. Figure 2.11(b) shows that the growth rates of SPI, SCI and

LCVI all saturate for d > 8 indicating that there will be no preferred wavelength for the

instabilities and that the flow is capable of injecting energy into very small scales of the

motion, facilitating a rapid and direct transition to turbulence.
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(a) (b)

Figure 2.12: The density eigenfunction for the fastest growing mode LCVI mode at
t = 81. (a) d = 0 and (b) d = 10.

Stability analysis for the case Re = 2000 and Ri0 = 0.2

As the last case to which we will apply our methodology for secondary stability analysis,

we consider Re = 2000 and Ri0 = 0.2. The vorticity contours at different stages of the

flow evolution for this case are plotted in Figure 2.13. Due to the relatively high ratio

of suppressing influence of stratification to background shear, the maximum amplitude

of the KH wave is small compared to the previous cases we have considered. The cor-

responding t∗ for this case is 116. As the flow visualizations demonstrate, no significant

modification of the flow field by secondary instabilities occurs. At a time near t ∼ 175 the

braid vorticity draining event occurs and the onset of the pairing instability is marked.

Although it is not clearly observed in the last panel of the figure, the pairing instability

is well underway at t = 259 and a new positive vorticity braid has formed once more.

The growth rate of the pairing instability is very weak, however, due to the suppressing

influence of the stratification (as opposed to destabilizing influence of shear). As shown

in the figure, for t > 150, the upper and lower positive (red) vorticity bands which mark

the outer limits of the two cores almost connect allowing for an alternate way (other than

the braid) of transporting vorticity between the two cores.

Figure 2.14 shows the results of the stability analysis for this case. Since most sec-

ondary instabilities seem to be suppressed by increase in Ri0 (based on the 2D simulation
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Figure 2.13: Vorticity contours at various stages of flow evolution for Re = 2000 and
Ri0 = 0.2.

of the background flow), we focus on four main instabilities namely SCI, SPI, SSI and

pairing. Comparing the curves for σSCI and σSSI shows that the SCI is still the dominant

instability (in terms of growth rate) by far. Comparing the SSI curve with that of the

previous case (Re = 2000 and Ri0 = 0.12) shows that due to the suppressing influence

of the growth of the cores on the braid, the SSI is enhanced with increase in Ri0 . Based

on figure 2.14 we conclude that SCI and SPI will most probably break down this flow

into turbulence in a 3D case. Apart from the major instabilities discussed in figure 2.14,

a continuous spectrum of LCVI modes were also detected for d ≥ 0 for times beyond t∗.

Similar to case Re = 2000 and Ri0 = 0.12, the growth rates of LCVI, SCI and SPI all

saturate for d > 8.

The first panel in Figure 2.13 shows that locations where the strongest negative

(blue) vorticity bands in the two cores meet the braid (at t = 132) are separated by some

distance in contrast to previous cases where the two locations coincided at the stagnation

point. Therefore, the eigenfunctions corresponding to the SPI are considerably different

from those of previous cases. To show this, we plot the eigenfunctions for the fastest

growing mode of the SPI for d = 10 at t = 149 in panel (a) of figure 2.15 and for the
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Figure 2.14: Growth rate of various instability modes obtained from the stability analysis
for Re = 2000 and Ri0 = 0.2. Solid line with filled circles for SCI at d = 9, solid line with
hollow circles for SSI at d = 0, solid line with hollow diamonds for the pairing instability
at d = 0 and solid line with filled triangles for SPI at d = 10. The vertical thin dashed
line corresponds to t∗.

(a) (b)

Figure 2.15: Vorticity contours of the case c1 − 2000 − 0.2 overlaid with density eigen-
functions of the (a) fastest growing d = 10 SPI mode at t = 149 and (b) fastest growing
d = 0 SPI mode at t = 166.

d = 0 mode at t = 166 in panel (b). Both panels show the tendency of the cores’ vorticity

bands to deform the braid at two locations. The distance between the two locations

decreases with time leading to their ultimate merging at the stagnation point (LCVI to

SPI transition). It should be noted that SCDI is not detected for this case, implying the

possibility of total suppression of it due to enhanced stratification and the smaller sizes

of the vortex cores associated with high Ri0.
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A summary of the influence of Richardson and Reynolds num-

bers

To summarize the influence of Richardson and Reynolds numbers on the dominant sec-

ondary instabilities that could play significant roles in the transition to fully developed

turbulence, Figure 2.16 plots the growth rates for SCI, SSI, SPI and pairing instabilities

for the four cases considered so far. To allow for direct comparison between this sequence

of cases, the zero of time is centred on the instant at which the background KH wave

achieves its maximum kinetic energy (the climax state) for each case.

Panel (a) in Figure 2.16 compares σSCI for the four cases. Comparing the three

Re = 2000 cases, the secondary convective instability becomes stronger as the Richardson

number is increased from 0.04 to 0.12 due to increased density difference across the

core unstable regions at higher Ri0. As Ri0 is increased from moderate values (0.12)

to very high values (0.2) however, σSCI is suppressed considerably due to the decrease

in the rate of evolution of the primary KH wave. This increase in the characteristic

timescale of evolution of the primary KH wave allows for increased diffusion of the density

difference across the core unstable regions hence diminishing the tendency for overturning.

Moreover, at high Ri0, the thickness of the unstable region is sharply reduced due to

smaller amplitude of the KH billows which further contributes to a decrease in chances

of a convective overturn to occur. Comparing the curve for cases Re = 1000, Ri0 = 0.12

and Re = 2000 and Ri0 = 0.12 shows that an increase in the Reynolds number leads to

an increase in the σSCI . Panel (b) of Figure 2.16 compares σSSI for all four cases. At

early stages of the KH wave evolution σSSI is largest and it diminishes with time due

to the core-induced flow field surrounding the braid. Therefore, secondary shear vortices

have a much greater chance of emerging at early stages of the KH roll up for a wide

range of Richardson number. Comparing the three Re = 2000 cases, similar to the SCI,

σSSI grows larger from Ri0 = 0.04 to Ri0 = 0.12 and decreases from Ri0 = 0.12 to
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Figure 2.16: Comparison between the growth rates of various instabilities for the three
cases considered by the stability analysis in this section plus the one case considered in
the previous section. Growth rates are for (a) SCI, (b) SSI, (c) Pairing instability and
(d) SPI. The line attributes in each panel are: Thick solid line for case Re = 2000 and
Ri0 = 0.04, dashed line for case Re = 2000 and Ri0 = 0.12, dash-dotted line for case
Re = 2000 and Ri0 = 0.2, and thin solid line (overlain by dots) for case Re = 1000 and
Ri0 = 0.12. Each curve is shifted by its corresponding t∗ so then all curves start from
the instant of maximum amplitude of the background KH billow.

Ri0 = 0.2. As discussed in Smyth (2003), a braid Richardson number (defined based

on local vorticity and density profiles across the braid) is inversely proportional to Ri0

(i.e. Richardson number characterizing the background KH wave), an increase in Ri0

from 0.04 to 0.12 leads to a smaller RiB promoting the chances of occurrence of SSI. As

Ri0 tends from 0.12 to 0.2 however, the suppressing influence of the flow field induced by

the growing cores increases leading to a smaller growth rate. Comparing the curve for

cases Re = 1000−Ri0 = 0.12 and Re = 2000−Ri0 = 0.12 shows that an increase in the

Reynolds number enhances the probability of SSI. Panel (c) compares σpairing for all four

cases. Comparing the range of the vertical axis in this panel with the other three panels
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shows that the growth rate of the pairing instability does not vary much for moderate to

high values of Ri0 and from Re = 1000 to Re = 2000. The sensitivity to the Reynolds

number in particular seems to be very weak. The variation in σpairing follows the same

trend as the other instabilities in Figure 2.16: increase from small Ri0 to moderate Ri0,

and decrease from moderate to high Ri0. Panel (d) shows that σSPI becomes highly

significant at later stages of flow evolution and once the cores’ vorticity bands become

sufficiently close to the stagnation point to induce the perturbation necessary for the

onset of SPI. The growth rate of the SPI, according to the results of our analyses, is very

sensitive to both Ri0 and Re. σSPI also increases from Ri0 = 0.04 to Ri0 = 0.12 and

decreases from Ri0 = 0.12 to Ri0 = 0.2. Comparing the Re = 1000 − Ri0 = 0.12 and

Re = 2000− Ri0 = 0.12 curves shows that an increase in the Reynolds number leads to

a considerable increase in σSPI .

In general, Figure 2.16 shows that σSCI > σSPI > σSSI > σpairing. This hierarchy

should not be taken to imply which instability should dominate because the spatial loca-

tions and the time ranges over which the instabilities persist do not necessarily overlap

and their growth rates do not remain constant over time. Moreover, onset of one insta-

bility may trigger or inhibit emergence of another. According to the figure, increase in

the Reynolds number enhances the growth rates of all secondary instabilities.

2.6 Concluding remarks

In this chapter we presented results from secondary stability analysis for a sequence of

density stratified unstable shear layers at higher Reynolds number and for a range of

Richardson numbers. As one of the important findings, we showed that the growth rate

of secondary shear instability of the braid is increasingly suppressed as a function of time

by the growth of the background Kelvin-Helmholtz vortex cores due to the evolution of

the strain field. The degree of this suppression is an increasing function of the Richardson
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number. The infinite-length-of-the-braid assumption of Corcos & Sherman (1976) is only

valid at earliest stages of flow evolution when the cores remain compact. We have shown

that secondary vortex formation on the braid may be triggered by the growth of another

secondary instability (such as the LCVI or SVBI). The wavelength and growth rate of

the vortices formed on the braid in this fashion can be affected by precursor instabilities.

It is very important to note that these braid secondary vortices are not of SSI type.

New modes of secondary instability were revealed by the analyses described in this

chapter. One of these, which we have labelled SCDI (for Secondary Core Deformation In-

stability), tends to inflate the vortex cores on the diagonal (almost parallel to the braid).

This mode is of a 3D nature with small wavenumbers and weakens at high Richardson

numbers. No evidence of the growth of this mode was observed in our simulations for

the 2D background flows that were subjected to secondary stability analyses. A second

new 3D instability discovered in this work was the Localized Core Vortex Instability,

LCVI, which corresponds to formation of vortices at the tips of the fully developed vor-

ticity bands within the cores. This instability exists over a very large range of spanwise

wavenumbers (the entire range considered in this study which is from 0 to 12 in nondi-

mensional units) and its growth rate increases with increase in either the Reynolds or

Richardson numbers. Finite amplitude growth of this mode was observed in our 2D

simulations. Of greater importance than either of these new modes is most probably

the Stagnation Point Instability (SPI), which has herein been shown to exist over the

broad range of Richardson numbers. In all cases, SPI has been shown to develop high

growth rates at large wavenumbers comparable to those of the SCI. SPI (along with SCI)

may well play a critical role in inhibiting the occurrence of the pairing interaction at

high Reynolds numbers (associated with geophysical flows) which is fundamental to the

support of an upscale cascade of energy in stratified turbulence via this mechanism (e.g.

see Peltier & Stuhne (2002) for a general discussion). Although the SPI mode has a two

dimensional counterpart it is much stronger in three dimensions. The pairing instability
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itself was found to be characterized by only weak sensitivity to the Richardson number

(compared to other secondary modes). As this mode exists from very early stages of flow

evolution, and as it maintains its growth rate for a long period of time, it ultimately

leads to vortex pairing in 2D simulations. In a fully 3D flow however, we expect the

interaction of one or more of the instabilities to mark a rapid transition to turbulence

that will serve to inhibit the occurrence of vortex pairing.

Our analyses have also shown that increase in the Reynolds number leads to increase

in the growth rate of all of the secondary instabilities found by our stability analysis. An

increase in the Richardson number from small to moderate values (0.04 to 0.12 in our

study) leads to an increase in the growth rate of the secondary instabilities while further

increase in the Richardson number from moderate to high (0.12 to 0.2 in our study) leads

to decrease in the growth rate due to increase in the ratio of the stabilizing effects of the

stratification to destabilizing influence of background shear.

Even though the range of Reynolds number considered in our stability analyses was

low compared to geophysical flows, it was sufficiently high to reveal the existence and

characteristics of various new and important secondary modes which have been reported

in recent observations (see Geyer et al. (2010) for evidence of a train of secondary shear

vortices on the braid, similar to the eigenfunction of SSI reported in our work; see

Moum et al. (2003) for a possible example of SPI forming in a KH billow growing on

the interface of an internal solitary wave approaching the shore; also see Figure 1.2 in

which we presented such evidence from both of these studies). We conclude this chapter

by noting that even though vortex pairing seems to be inevitable in two-dimensional

simulations of KH waves, we suspect that the ‘zoo’ of secondary instabilities discussed

in this chapter, some of the inhabitants of which are highly three-dimensional, will have

the potential to facilitate a rapid turbulence transition at high Reynolds numbers and

thereby to inhibit vortex pairing. This, in addition to the suppressing influence of in-

crease in Richardson number on vortex pairing, need to be fully investigated using three-
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dimensional simulations to identify the regions in parameter space in which pairing is

possible and regions in which it is suppressed. Such simulations are also required to

study the nonlinear interactions among the inhabitants of the ‘zoo’ of instabilities iden-

tified herein as well as their implications for turbulence transition and mixing efficiency.

These will be the focus of the next chapter.

2.7 Appendix

There are frequent references to various secondary instabilities in this thesis by using

their corresponding acronyms. Figure 2.17 provides a secondary instability lexicon to

help reminding the reader of what instability each acronym refers to.
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Figure 2.17: Lexicon of various secondary instabilities introduced in this chapter.



Chapter 3

Transition to turbulence and

diapycnal mixing in stratified shear

layers

The material in this chapter represents a summary of the detailed analyses published/submitted

in the following peer reviewed journal articles:

• A. Mashayek and W. R. Peltier. “Turbulence transition in stratified atmospheric

and oceanic shear flows: Reynolds and Prandtl number controls upon the mecha-

nism.” Geophysical Research Letters 38.16 (2011): L16612.

• A. Mashayek and W. R. Peltier. “Three-dimensionalization of the stratified mixing

layer at high Reynolds number.” Physics of Fluids 23.11 (2011): 111701-111701.

• A. Mashayek and W. R. Peltier (2013). “Shear-induced mixing in geophysical flows:

does the route to turbulence matter to its efficiency?” Journal of Fluid Mechanics,

725, pp 216-261 doi:10.1017/jfm.2013.176

• A. Mashayek, C. P. Caulfield and W. R. Peltier. “Time dependent, non-monotonic

mixing in stratified turbulent shear flows: implications for oceanographic estimates

60
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of buoyancy flux ” Under review by Journal of Fluid Mechanics, submitted on 28

March 2013, JFM-13-S-0313.

• A. Mashayek, W. R. Peltier and C. P. Caulfield. “On the scales of inhomoge-

neous time-dependent shear-induced turbulence and parameterization of mixing”

In preparation for Physics of Fluids, to be submitted by September 2013.

3.1 Introductory remarks

As discussed in chapter 1, a key quantity of interest for the quantification of diapyc-

nal mixing is the percentage of the kinetic energy available to turbulence which con-

tributes irreversibly to the vertical buoyancy flux. This quantity is often referred to as

the mixing efficiency, E , and while it is believed to vary over a wide range of values de-

pending on the nature of the dynamical processes involved (Caulfield & Peltier (2000);

Peltier & Caulfield (2003); Smyth et al. (2001a); Ivey et al. (2008b)), it is still generally

assumed to be in the range E ∼ 0.15− 0.2 within the community of people analyzing the

ocean bulk energetic balance as well as those focused on representation of diapycnal mix-

ing in large scale ocean modelling. The most widely used relation (due to Osborn (1980))

in practical oceanography to estimate a vertical effective diapycnal diffusivity from local

measurements of the rate of dissipation of kinetic energy (D) and the buoyancy frequency

profile (N) is

κ =
E

1− E
D
N2

= Γ
D
N2

, (3.1)

which is employed along with the flux coefficient itself (often inaccurately referred to

as a mixing efficiency) which is assumed to have the value Γ ≈ 0.2. Central to the

application of this model are three key assumptions, which we refer to as: assumption

‘F’, that the vertical diffusivity is dominated by fully developed turbulence; assumption

‘S’, that the turbulence exhibits a quasi-steady balance between production, dissipation

and diapycnal mixing; and assumption ‘I’, that the turbulence is isotropic. At least in
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the context under consideration of shear-instability induced transition, the validity of

each of these assumptions will be questioned by the analyses to follow, adding to the

growing body of literature which has been scrutinizing these assumptions (see Ivey et al.

(2008b) for a review). It is our intention in this chapter to investigate the validity of all

three of these assumptions by means of high resolution numerical experiments at flow

regimes as close to the oceans as our computational resources allow for. Moreover, it

is one of our primary goals to investigate whether the route to turbulence in a shear

layer is determinant of the resulting turbulent mixing efficiency or not. To address these

questions, this chapter is organized as follows:

• After presenting some theoretical preliminaries in Section 3.2, in section 3.3 we

will investigate turbulence transition of a shear layer at various Reynolds numbers,

monitoring the emergence of numerous secondary instabilities which facilitate the

transition. We will compare the characteristics of the secondary instabilities with

the predictions of stability analyses presented in the previous chapter. Furthermore,

in this section we will quantify the effective buoyancy flux across the mixing layer

due to diapycnal mixing, and will show that there is a characteristic change in

turbulence transition and mixing as Reynolds number increases from values typical

of laboratory experiments to higher values which might be more relevant to shear-

induced oceanic mixing.

• In section 3.4 we will investigate the influence of variations in Ri0 at a fixed

Reynolds number. The Reynolds number will be chosen (based on analysis of

section 3.3) to be sufficiently high to ensure that the considered flows lie in the

range relevant to energetic mixing in the stratified ocean. In section 3.4 we will

focus on a range of Richardson numbers from intermediate values to values which

are just subcritical (with respect to Miles-Howard necessary condition for shear

instability). The high-Re range is believed to be most relevant to oceanic energetic

shear zones. We will investigate the validity of the primary assumptions behind
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relation (3.1) over this range of Richardson numbers.

3.2 Theoretical preliminaries

The governing equations and the numerical methodology used in this chapter for the

purpose of performing high resolution Direct Numerical Simulations (DNS) of evolution

of the KH lifecycle is identical to those introduced in section 2.2. In this section, however,

we will focus on 3D simulations and will follow the evolution of KH billow from laminar

state to turbulence (facilitated by the secondary instabilities introduced in the previous

chapter), and to a laminar state once the turbulence decays.

The vertical extent of the computational domain is once again chosen to be Lz = 30 h

(h being half the velocity thickness of the shear layer). This is sufficiently large to ensure

that the flow remains unaffected by the horizontal boundaries even in cases in which

pairing occurs. The spanwise wavelength of the domain (Ly) has been chosen adaptively

for each numerical simulation in such a way as to ensure that doubling of Ly does not

impact the spanwise scales of the secondary instabilities that are able to grow on the

primary KH wave. This adaptive approach is required to enable (from a computational

cost perspective) longtime integration of the equations of motion from the initial laminar

stage of shear layer evolution through to the turbulent collapse stage and the subsequent

relaminarization. Figure 3.1 illustrates a schematic of the computational domain. Similar

to analysis of chapter 2, we adjust the streamwise extent of the domain in such a way

as to house two wavelengths of the most unstable primary KH instability and thereby to

allow for emergence of pairing interactions.

Energetics

To facilitate detailed analysis of the outcomes of the numerical simulations we employ

analyses similar to CP00 . We begin by averaging the 3D velocity field, u(x, y, z, t), on
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Figure 3.1: Schematic view of the computational domain.

the horizontal xy plane so as to define the field

ū(z) =
1

LxLy

∫ Lx

0

∫ Ly

0

u dx dy. (3.2)

The 2D perturbation to this height-dependant horizontally-averaged field can then be

calculated by subtracting ū(z) and averaging in the spanwise direction:

u2D =

∫ Ly

0

[u− ū(z)] dy. (3.3)

u2D represents the velocity field associated with 2D perturbations such as the primary

KH wave itself, 2D vortex merging and 2D Secondary Shear Instability of the braid (SSI;

see section 2.17). The velocity field associated with 3D perturbations can be calculated

from the following definition

u3D = u− u2D − ū(z). (3.4)

With the velocity properly decomposed into ū, u2D and u3D, the total kinetic energy of

the flow (K), the average kinetic energy of the mean background flow (K̄), the kinetic

energy associated with the spanwise-averaged 2D perturbations (K2D) and the average

kinetic energy of 3D perturbations (K3D) can be defined as

K(t) = K̄ +K2D +K3D =
1

LxLyLz

∫ Lx

0

∫ Ly

0

∫ Lz

0

[u2 + v2 + w2] dz dy dx, (3.5)
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K̄ =
1

Lz

∫ Lz

0

ū2

2
dz, (3.6)

K2D =
1

LxLz

∫ Lx

0

∫ Lz

0

[u22D + w2
2D] dz dx, (3.7)

K3D =
1

LxLyLz

∫ Lx

0

∫ Ly

0

∫ Lz

0

[u23D + v23D + w2
3D] dz dy dx. (3.8)

The evolution equation for the total kinetic energy can then be shown to be (Klaassen & Peltier

(1985)):

σ =
1

2K
d

dt
K = −H −D, (3.9)

where H is the buoyancy flux defined by

H =
Ri0
2KR

1

LxLyLz

∫ Lx

0

∫ Ly

0

∫ Lz

0

(ρw) dz dy dx, (3.10)

and D is the positive definite viscous dissipation term defined by

D =
1

2KRe
1

LxLyLz

∫ Lx

0

∫ Ly

0

∫ Lz

0

(∇u)2 dz dy dx. (3.11)

According to (3.9), a positive buoyancy flux is at the cost of K. Similarly, the dissipation

term plays the role of a sink for the kinetic energy reservoir. Right and left hand sides

of equation (3.9) can be calculated independent of each other and their difference can be

treated as a measure of the accuracy of the numerical simulations. For all of the cases to

follow, this difference was found a posteriori to be smaller than one part in a million.

An equation for the evolution of 3D perturbations can also be shown to be of the

form Klaassen & Peltier (1985)

σ3D =
1

2K3D

d

dt
K3D (3.12)

= R3D + Sh3D +A−H3D −D3D,
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where the first term represents extraction of energy from the background mean shear by

means of Reynolds stresses and is defined as

R3D = − 1

2K3D

1

LxLyLz
×
∫ Lx

0

∫ Ly

0

∫ Lz

0

(

u3Dw3D
∂Ū

∂z

)

dz dy dx, (3.13)

the second term in (3.12) represents extraction of energy from the background KH billow

and is given by

Sh3D = − 1

2K3D

1

LxLyLz
×
∫ Lx

0

∫ Ly

0

∫ Lz

0

(

u23D
∂ukh
∂x

+ w2
3D

∂wkh

∂z

)

dz dy dx, (3.14)

the third term is an important measure of anisotropy in the flow and represents the

stretching deformation of the 3D perturbation field and is defined as

A = − 1

4K3D

1

LxLyLz

×
∫ Lx

0

∫ Ly

0

∫ Lz

0

(u23D − w2
3D)

(

∂u2D
∂x

− ∂w2D

∂z

)

dz dy dx, (3.15)

Finally H3D and D3D are the buoyancy flux and viscous dissipation terms associated with

three-dimensional perturbations which are defined respectively as:

H3D =
Ri0
2K3D

1

LxLyLz

×
∫ Lx

0

∫ Ly

0

∫ Lz

0

ρ3Dw3D dz dy dx, (3.16)

D3D =
1

2ReK3D

1

LxLyLz
×
∫ Lx

0

∫ Ly

0

∫ Lz

0

(∇u3D)
2) dz dy dx. (3.17)

Similar to equation (3.9), (3.12) can be used as a measure of the accuracy of the

simulations, particularly during the turbulent phase of the flows. This can be exploited

by comparing the left and right hand sides of (3.12) which can be independently calculated

from simulation results. This is done in Appendix 3.7 for two sample cases. For all cases

to be discussed hereafter, the right and left hand sides of (3.12) were found to be identical

to within a tolerance of 0.001%.

Following Caulfield & Peltier (2000) and Peltier & Caulfield (2003), the time rate of
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change of the total mechanical energy of the system under consideration, E , can be

written as

dE

dt
=
dK
dt

+
dP
dt
, (3.18)

where K and P are the total kinetic and potential energies. The potential energy is

defined as

P =
Ri0
R

1

Lz

×
∫ Lz

0

zρ̄ dz, (3.19)

and the time rate of change of the potential energy can be written as

dP
dt

= H +Dp, (3.20)

where Dp, a strictly positive quantity, is the rate at which the potential energy of a

statically stable and motionless density stratification would increase through conversion

of internal energy to potential energy. In our computational procedure, this can be

calculated from

Dp =
Ri0 (ρbottom − ρtop)

LzRePr
, (3.21)

where ρbottom and ρtop are the non-dimensional densities at the top and bottom boundaries

of the domain. As will be clear from equation (3.9), the total kinetic energy of the system

can be decreased through net upward motion of dense fluid (i.e. positiveH) which leads to

an increase in the potential energy of the system as expressed by (3.20). Two mechanisms

responsible for the loss of the total mechanical energy of the system to internal energy

are the viscous dissipation (D) and Dp. In other words, combining (3.18),(3.9) and (3.20)

gives

dE

dt
= D +Dp, (3.22)

where the right hand side is negative definite (|D| ≫ |Dp|).

The potential energy itself can be divided into two parts namely the background
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potential energy, PB, defined as

PB =
Ri0
R

1

Lz
×
∫ Lz

0

zρB(z) dz, (3.23)

and the available potential energy, PA. In which case we may write:

P = PB + PA. (3.24)

The background density profile ρB(z) is associated with the minimum (background)

potential energy of the system (Caulfield & Peltier (2000),Winters et al. (1995)) and can

only be increased through irreversible mixing processes or by the diffusion term Dp. By

denoting the irreversible mixing by M, we can write

dPB

dt
= M+Dp. (3.25)

Combining this with (3.20) and (3.24) we may therefore write

dPA

dt
= H−M = S. (3.26)

The available potential energy is that part of the total potential energy which is ‘avail-

able’ to be converted back into kinetic energy. Hence, the right hand side of (3.26),

S, simply represents the reversible stirring of the flow whereas the right hand side of

(3.25) represents irreversible mixing. Using the definitions of mixing and stirring, and

by combining (3.9) and (3.26) we may therefore write:

dK
dt

= −S −M+D. (3.27)

Equation (3.27) simply demonstrates that the kinetic energy can be changed through

stirring of the fluid, irreversible mixing of the fluid, or viscous dissipation. The first term
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on the right hand side of (3.27) represents a reversible process whereas the remaining

two terms represent irreversible processes. Therefore, an instantaneous mixing efficiency

can be defined as the ratio of the rate at which kinetic energy is lost to mixing, and the

rate at which it is lost to both mixing and dissipation:

Ei =
M

M−D . (3.28)

By definition, Ei is smaller than 1. Similar to Caulfield & Peltier (2000), the cumulative

mixing efficiency (a quantity which can be used for comparison to experiments) is defined

as

Ec =
∫ t

0
M(t′)dt′

∫ t

0
M(t′)dt′ −

∫ t

0
D(t′)dt′

. (3.29)

In the analyses which follow in the subsequent sections, we will further employ a “post

transition cumulative” mixing efficiency, E3D
c which is defined by

E3D
c =

∫ t

t3D
M(t′)dt′

∫ t

t3D
M(t′)dt′ −

∫ t

t3D
D(t′)dt′

, (3.30)

where t3D is the time at which the 3D perturbations saturate and marks the onset of fully

turbulent flow and so equation (3.30) represents the efficiency of mixing in the turbulence

phase of flow evolution.

Spectral Representation

To compare the evolution of secondary instabilities in our simulation with predictions of

the secondary stability analysis of the previous chapter, it is useful to obtain spectral

representations of the flow fields within particular intervals of time within each simulation.

To do this, we employ the Fourier transform of the streamwise vorticity field, ωx, to obtain
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a discrete spectral representation of the field as:

ωx(x, y, z, t) =

N
∑

n=−N

cn(dn, x, z, t)e
idny, (3.31)

where cn are the Fourier coefficients defined by

cn(dn, x, z, t) =
1

Ly

∫ Ly

0

ωxe
−idny dy, (3.32)

and dn = 2πn/Ly is the spanwise wavenumber. The relative importance of various spec-

tral components can be represented by the normalized spanwise power spectral density

P (dn) defined as

P (dn, t) ≡
1

lxlz

∫ lx
0

∫ lz
0
|cn(dn, x, z)|2 dz dx

∑N
n=0

1
lxlz

∫ lx
0

∫ lz
0
|cn(dn, x, z)|2 dz dx

, (3.33)

where lx and lz are the streamwise and vertical dimensions of the box in which the

Fourier decomposition takes place. Since we are interested in the early stages of growth

of secondary instabilities which originate inside the cores and on the braid of a KH billow,

we perform such Fourier decompositions for the core region, the braid region, and the

total flow field separately. The resolution employed for all three regions in our analyses

is N = 128.

Furthermore, to rigorously test the prediction of the previous chapter regarding sup-

pression of an inverse cascade of energy through vortex pairing through the emergence of

a large number of rapidly growing three-dimensional instabilities at high Reynolds num-

ber, we perform a streamwise decomposition of the flow field. After spanwise-averaging

of the 3D density field, we decompose the resulting 2D field as

ρ2D(x, z, t) =
M
∑

n=−M

an(bn, z, t)e
ibnx, (3.34)
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where the an are the Fourier coefficients and bn = 2πn/(2Lx) is the streamwise wavenum-

ber. At any time of interest, the relative importance of various spectral components can

be represented by the normalized streamwise power spectral density P (bn) defined as

P (bn, t) ≡
1
Lz

∫ Lz

0
|an(bn, z)|2 dz

∑M
n=0

1
Lz

∫ Lz

0
|an(bn, z)|2 dz

. (3.35)

By choosing the streamwise domain extent to be 2Lx for Fourier decomposition, wave

one will correspond to the pairing mode and wave two to the primary KH wave. We

employ the resolution M = 512 for this series of calculations.

3.3 Turbulence transition and mixing: from low Re

to high Re

Based on the results of the previous chapter, there appears to be a change in characteristic

properties of a mixing layer once the Reynolds number (defined based on the properties of

the background flow) is increased to values sufficiently in excess of those typically achieved

in laboratory experiments. While a Reynolds number defined similar to that in (2.7) is of

order of few thousands or less in laboratory experiments (see Thorpe (2005) for a review),

it is of order of several to tens of thousands in oceanic thermocline (Smyth et al. (2001a))

and abyssal oceans (van Haren & Gostiaux (2012)) or of order of hundreds of thousands

in energetic shear zones (Geyer et al. (2010)). This change in characteristics of turbulent

mixing is associated with the emergence of the ‘zoo’ of secondary instabilities which

was found (by non-separable stability analyses) to exist at high Re. We also note that

the literature on observational studies of mixing in the oceanic and lake environments

often employ different definitions of Reynolds number to quantify various properties of

turbulent mixing (primarily due to the difficulties involved with defining and quantifying

the properties associated with the background flow), while the literature on numerical
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and theoretical studies of mixing due to shear instabilities often employ a definition of

Reynolds number similar to that of ours.

In this subsection, we therefore focus on investigating the qualitative changes in the

transition to turbulence due to increase in the Reynolds number. We divide our analyses

into ‘low Reynolds number’ and ‘high Reynolds number’ categories. To focus on the

role of Re, we keep Ri0 and Pr constant at 0.12 and 1, respectively. The influence of

Ri0 will be discussed in the subsequent subsection. To avoid further complicating the

rich parameter space which we explore in this chapter, the influence of Prandtl number

on three-dimensionalization and mixing of a shear layer is postponed to future work.

Thus, this chapter as well as chapter 2 are both most relevant to heat stratified ocean

where Pr < 7 and not to salt stratified regions in which the effective Prandtl number

can be as high as a few hundred.

In this subsection, we consider numerical simulations in the range 750 ≤ Re ≤ 104 and

10 < Reb < 400 where Reb is the buoyancy Reynolds number defined as Reb = ǫ/(νN2)

and where N is the buoyancy frequency defined as N =
√

−(g/ρ0) ∂zρ and as before, ǫ is

the rate of dissipation of the total kinetic energy. It is generally assumed that stratified

turbulence is maintained in oceanic environments for 20 < Reb (Smyth & Moum (2000),

also see Bouffard & Boegman (2013) for a review). It was also shown in Smyth & Moum

(2000) (and will be shown in the analyses to follow) that with increase in the Reynolds

number defined based on the background flow, the buoyancy Reynolds number also in-

creases. Thus, our simulations at higher Reynolds numbers are expected to be of relevance

to small-scale mixing in the ocean. In the next section we will assess the relevance of our

numerical experiments to interpretation of observational data available in the literature.

The choice of Ri0 = 0.12 for the analyses to be discussed in this section is made to ensure

realization of the full suite of secondary instabilities discussed in the previous chapter (see

2.17 for an instability lexicon) which characterize the turbulence transition in a strati-

fied layer. Table 3.1 provides the required information concerning the three-dimensional
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numerical experiments to be analyzed in subsequent sections. For some of the cases in

the table, two simulations with different spanwise scales (Ly) were carried out to ensure

that the smaller domain size is sufficiently large to resolve at least five wavelengths of the

most unstable modes of secondary instability. Once this was verified, the simulation with

the smaller domain was employed for post-processing and analysis of energetics of flow

evolution. This strategy led to significant reduction in the computational cost required

for performing the mixing analysis.

Re Ri0 Pr Lx Ly Lz Nx Ny Nz

750 0.12 1 28.56 4 & 8 30 512 96 &192 800
1000 0.12 1 28.54 3.5 & 7 30 768 96 &192 800
2000 0.12 1 28.54 3.5 & 7 30 768 96 &192 800
4000 0.12 1 28.54 3 & 6 30 1024 128 &192 1216
6000 0.12 1 28.54 3 30 1024 128 1216
8000 0.12 1 28.54 3 30 1024 128 1216
10000 0.12 1 28.54 3 30 1280 160 1216

Table 3.1: Details of 3D numerical experiments carried out for the purpose of investigating
the influence of Re.

The low Reynolds number regime

We consider three different simulations at Re = 750, Re = 1000 and Re = 2000. Figure

3.2 shows plots of the time evolution of the normalized total kinetic energy (K), the

normalized kinetic energy associated with the primary KH wave (K2D) and the normal-

ized kinetic energy associated with three-dimensional perturbations (K3D) for all three

Reynolds numbers. In each case, the growth of the primary KH billow is at the expense

of the background kinetic energy. Hereafter we refer to the time at which the KH wave

reaches its maximum kinetic energy as t2D (shown by circles on curves in the middle

panel). At approximately the same time as t2D, three dimensional perturbations begin

to grow and extract their energy primarily from the primary KH billow (note the near-flat

K curves and the sloping K2D curves between t = 60 and t = 100). At a time which we
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refer to as t3D, and which is shown by circles on the curves in panel (c), 3D perturbations

saturate and this marks the onset of the fully turbulent phase of flow evolution. The

noticeably short time between t2D and t3D is the transition phase, in which a number

of 2D and 3D instabilities emerge on the mostly 2D background KH wave, interact, and

break down the flow into turbulence. A comparison between the three cases shown in the

figure demonstrates that an increase in Re does not influence the growth of the primary

KH wave significantly. This is expected as the growth rate of the primary wave is mainly

a function of the background stratification (see Corcos & Sherman (1976) for details).

The growth of 3D instabilities, however, is influenced by the increase in Re (as expected

based on the stability analyses of the previous chapter). Figure 3.2(c) shows that with

increase in Re, 3D perturbations emerge earlier, and grow faster, causing the transition

time window to contract.

Figures 3.3 and 3.4 show plots of vorticity iso-surfaces for the Re = 750 and 1000

cases at various times during flow evolution. Due to the great similarity between the

Re = 1000 and Re = 2000 cases, vorticity plots for the latter case are not presented.

The first column in each figure illustrates the stages of emergence of the Secondary

Convective Instability (SCI) in the cores of the KH billows. The subsequent panels in

the figures show evolution of the SCI-induced convective rolls which are aligned with the

background shear. The interaction between these rolls leads to higher order instabilities

and ultimately breakdown of the flow into turbulence. Panels corresponding to times

t = 170 and t = 228 in figure 3.3 reveal an upscale cascade (doubling of the wavelength)

of energy from the scale of the primary KH wave. This is a somewhat suppressed form

of the pairing instability. Although this is difficult to observe in the vorticity plots,

it can be detected in the K2D plot in Figure 3.2 in the form of a rapid increase in

K2D at the expense of both K and K3D. The same behaviour is observed at Re =

1000 and 2000 in Figure 3.2. It should be noted that this upscale turbulent cascade

is already somewhat different from the pairing instability observed frequently in two-
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Figure 3.2: Time evolution of K/K(0) in (a), K2D/K(0) in (b) and K3D/K(0) in (c) for
Re = 750 (solid lines), Re = 1000 (dashed line) and Re = 2000 (dashed-dotted line).
Circles in panel (b) correspond to t2D. Two circles on each curve in panel (c) correspond
to t2D and t3D, respectively.

dimensional simulations of KH waves (Klaassen & Peltier (1989),Smyth (2003)), or of 3D

simulations at even lower Reynolds numbers. In two-dimensional (or low Re ) pairing,

vortex cores orbit each other and thereby contribute greatly to pre-turbulent vertical

mixing, and extract significant amounts of energy from the background flow and from

smaller perturbations. This pre-turbulent pairing prohibits various secondary instabilities

from growing by draining their source of kinetic energy. The turbulent-phase pairing

illustrated in Figures 3.3 and 3.4 on the other hand has a mild effect on the energy

budgets of other 3D perturbations, and occurs in the already turbulent phase of the flow,

and thus assists the relaminarization process rather than the transition to turbulence.

It is well-known that the pairing instability is suppressed by an increase in Ri0 due to

suppression of vertical motion. However, a rather new result, and one which was predicted

in the previous chapter, is that at sufficiently high Reynolds numbers, early emergence

and rapid growth of a number of 3D secondary instabilities destroy the coherence of the

large scale structure of the primary KH wave, thereby preventing pairing from occurring.

This will be verified in the subsequent section when we discuss the high Re cases.

We are now in a position to make quantitative comparisons between the results of our

3D numerical simulations and the non-separable linear stability analyses of the previous

chapter. To do so, we include modified versions of two of the plots previously shown
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Figure 3.3: Spanwise vorticity iso-surface (green) of ωy = 0.72 in top row and streamwise
vorticity iso-surfaces of ωx = 0.2 (red) and ωx = −0.2 (blue) in bottom row for Re = 750,
Ri0 = 0.12 and Pr = 1 (t2D = 58 and t3D = 143). Note that the boxes enclosing the KH
billows do not represent the computational domain. For dimensions of the computational
domain see table 3.1.

Figure 3.4: Same as Figure 3.3 but for Re = 1000, Ri0 = 0.12 and Pr = 1. (t2D = 60
and t3D = 131)

in section 2.4 (for Re = 1000, Ri0 = 0.12) in Figure 3.5. The left panel in the figure

compares growth-rates of various modes of secondary instability which could conceivably

grow on the background KH wave. The leftmost panel of Figure 3.5 should be interpreted

as follows: at each specific time, the instability with the largest growth rate has the

highest probability of emerging in the flow. Therefore, during the transition period,

Secondary Convective Instability (SCI) and Stagnation Point Instability (SPI) have the

highest probability of emerging, while the probability of occurrence of Secondary Shear
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Instability (SSI) of the braid decreases with time (because of the increase in the rate

of velocity strain at the stagnation point due to growth of the KH vortex cores), and

pairing instability remains active but only weakly so. As previously demonstrated in

the 3D simulations illustrated in Figure 3.3, SCI indeed emerges as the dominant mode

of instability, and the pairing instability manifests itself only weakly and only in the

turbulent phase of the flow. Less obvious in Figure 3.3 is that SPI also emerges, although

briefly, in flow evolution of the Re = 1000 case. To illustrate this, we plot spanwise

vorticity on a slice passing through the middle of the domain for Re = 1000 and also

for Re = 2000 in Figure 3.6. Streamlines are also included in the figure to show the

formation of a recirculating region (characteristic of the SVBI-SPI family of instabilities)

at the stagnation point of the train of KH billows. Although this mode does not survive

the turbulent collapse of the billow for Re = 1000 or 2000, comparison between the two

cases in Figure 3.6 shows that increase in Re promotes this mode. It will be shown that

for higher Reynolds numbers, SPI plays an important role in transition to turbulence of

the mixing layer.

All of the secondary instabilities for which results are presented in the left panel of

Figure 3.5, exist over a range of spanwise wavenumbers, denoted by d. While SSI and

pairing have their fastest growth rates for d = 0 (i.e., when they are 2D), SCI and SPI

are highly 3D. Panel (b) in Figure 3.5 shows plots of growth rate versus wavenumber for

the two instabilities which have the highest probability of emerging according to panel

(a) of the figure, namely the SCI and the SPI modes. Both curves correspond to a time

t = 75 which is a time within the transition period (i.e. between t2D and t3D). Both

instabilities seem to be fastest growing at d ∼ 5− 6, with the spanwise wavenumber for

SPI and its growth rate being slightly smaller than those of the SCI. The left column

of Figure 3.7 shows plots of the spanwise-averaged power spectral density of streamwise

vorticity at three different times spanning the transition period for Re = 1000. Each

plot in the left column includes three curves, one for the spectrum averaged over the
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Figure 3.5: (a) The results of the stability analysis for fastest growing mode of various
instabilities (see Figure 2.17 for a view of instability types) during evolution of case
Re = 1000, Ri0 = 0.12, Pr = 1: The solid curve with filled circles for SCI with d = 8.5,
the solid line with open circles for SSI with d = 0, the solid line with diamonds for the
pairing instability and the solid line with filled triangles for SPI with d = 7. The symbols
show the actual data points for which the analysis has been done while the lines are spline
fits. The vertical dashed lines shows t2D; (b) growth rate versus spanwise wavenumber,
d, for the SPI mode (dashed-dotted line) and the SCI mode (solid line) both at t = 75.

vortex core region (dashed line), one for the braid region (dashed-dotted line), and for

the total KH billow (solid line). The other two columns of the figure also show filled

contour plots of the streamwise vorticity on a plane passing through the middle of the

core (middle column) and on a plane passing through the braid stagnation point (right

column). The first row of the plot corresponds to t2D and illustrates the early stages of

formation of secondary instabilities (note the difference in colorbar values from the first

to the second and third rows). By time t = 75 in the middle row, secondary convective

instability has fully evolved in the vorticity layers inside the vortex core with a spanwise

wavenumber of d ∼ 5.5, in excellent agreement with the theoretical prediction of Figure

3.5(b). In the braid region (see right panel, middle row), the power spectrum shows a

peak at d ∼ 5.5, pointing to crossing of the SCI-induced vortex tubes (see left bottom

panel in Figure 3.3) through the x-slice passing through the stagnation point. However,

there seems to be some activity at smaller wavenumber occurring at the stagnation point

at a lower value of d. As shown in Figure 3.6, this is associated with the SPI attempting
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Figure 3.6: Contour plots (with and without streamlines overlain) of ωz on the y = Ly/2
plane for a time before SCI-induced turbulent collapse of the billow for Re = 1000 (left
column) and Re = 2000 (right column).

to emerge on the braid, only for it to run out of time as a consequence of the turbulent

collapse of the billow due to the rapid growth of the SCI. This can be clearly seen by

virtue of the domination of the total power spectral density curve by that of the core

in the left panel for the t = 75 row in Figure 3.7. By t = t3D (bottom panel of Figure

3.7), three dimensional perturbations have saturated, the flow is turbulent, energy is well

distributed over smaller scales, and the flow is well on the way to relaminarization due

to continuing dissipation of energy in the absence of external forcing.

As the final stage in our analysis of low Reynolds number cases, we explore the ex-

change of energy between reservoirs of kinetic and potential energies of the total flow

field, and also investigate the sources of energy for 3D perturbations in detail. Figure

3.8 shows plots of the potential energies (left column) and energetics of the 3D pertur-

bations (right column) for Re = 750 and Re = 1000. The potential energy plots can

be best interpreted if considered together with the data shown in Figure 3.2. These

results demonstrate that, as the primary KH billow rolls up, energy is transferred into

the potential energy reservoir mostly in the form of available potential energy. During

this phase, little mixing occurs and so the background potential energy does not rise

significantly. Once the vortex cores grow sufficiently large, however, PB rises rapidly due
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to two factors: first, by extracting energy from the background kinetic energy reservoir

through enhanced molecular diffusion inside the vortex cores which is facilitated by a

significant increase in the area of the contact surface between light and heavy fluid; sec-

ond, shortly after t2D, 3D perturbations grow rapidly, extracting their energy primarily

from the available potential energy reservoir as is clearly shown by the decrease in the

PA curve. Growth of 3D perturbations is associated with the diapycnal mixing of light

and heavy fluid which contributes to the increase in PB. A second increase in available

potential energy (and hence in the total potential energy) is marked by the arrows and

corresponds to the turbulent-phase upscale cascade which, as mentioned earlier, occurs

at the expense of the kinetic energy of the background shear flow and also leads to a

slight reduction in energy transfer into small scale 3D instabilities.

The rightmost panels of Figure 3.8 illustrate the decomposition of the growth rate of

the 3D perturbations (σ3D shown by solid black line) into the various components defined

in equation (3.12). During the early stages of growth of 3D instabilities, σ3D is strongly

dominated by the contribution of the buoyancy flux. This is due to dominance of the

buoyancy driven SCI instability inside the cores. Moreover, 3D instabilities extract some

energy from the shear associated with the primary KH billow (the Sh term), and from the

background flow through the action of the Reynolds stresses (the R3D term). Some of the

energy of the 3D perturbations is lost due to the action of the stretching deformation (the

A term) because of the existing anisotropy in the flow field. Figure 3.8 shows that by the

time t3D, the contributors to σ3D have significantly decayed, leaving a balance between

energy extraction from the background shear by means of Reynolds stresses, the energy

loss through viscous dissipation, the turbulent buoyancy flux and the anisotropy term,

with the latter two contributions being much less than the former two. This balance

is maintained throughout the turbulent phase of the flow. Had the anisotropy term

decayed to zero in the turbulent phase of the flow, the balance between shear production,

dissipation and buoyancy flux would be exactly that assumed in derivation of the Osborn
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formula given by (3.1), and the ratio of buoyancy flux to the production term would be

the flux Richardson number. However, the fact that the turbulent phase anisotropy term

is of the same order as the buoyancy flux term (as can be seen in the figure) indicates

that the use of (3.1) to infer an effective diffusivity would involve some error due to the

neglect of the anisotropy. This error will be quantified in subsequent sections. It is also

important to note that prior to t3D, a considerable amount of mixing occurs which is

due to enhanced diffusion facilitated by the roll-up of the KH vortex cores. If mixing by

a KH billow was to be measured by means of micro-structure measurements, then this

portion of the vertical flux would be missed as a consequence of two contributing factors:

first, common correlations which relate the measured dissipation to flux (such as (3.1))

only consider the fully turbulent phase of the flow, and second, pre-turbulent roll-up of

KH waves can go undetected by micro-structure measurement techniques.

The high Reynolds number regime

We next turn our attention to cases with higher Reynolds numbers. Specifically, we shall

explicitly consider the variations of the results for the values Re = 4000, 6000, 8000 and

104 all at Ri0 = 0.12 and Pr = 1. Figure 3.9 illustrates the evolution of the various

compartments of kinetic energy for the four cases. In general, the graphics are organized

in the same way as those in Figure 3.2: Increase in K2D (at the expense of the kinetic

energy of the background flow) due to growth of the primary KH wave, followed by

rapid growth in K3D facilitating transition to turbulence. Certain important differences

however exist between the higher Re cases of Figure 3.9 and those of Figure 3.2. At

lower Re, three-dimensional perturbations begin to grow shortly after saturation of the

primary KH billow, whereas at higher Re, they initiate earlier during the roll-up of the

KH billow (noting that the first circle on lines in Figure 3.9(c) represents t2D). This

implies that 3D instabilities can modify the primary KH wave on a global or local scale

(depending on the type of growing 3D modes) at early stages of its evolution. This is
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Figure 3.7: Case Re = 1000, Ri0 = 0.12: Variation of various components (total in
solid line, core in dashed line and braid in dashed-dotted line) of power spectral density
P̂ (dn, t) against the spanwise wavenumber dn (left column), streamwise vorticity (ωx) in
a plane normal to the x axis and passing through the center of the core (middle column)
and in a plane normal to the x axis and passing through the braid stagnation point
(right column). First row and third row correspond to t = t2D = 60 and t = t3D = 131,
respectively, and the middle row corresponds to t = 74 which is a time between t2D and
t3D. Times t2D and t3D are shown in Figure 3.2 with circles.

consistent with predictions of the previous chapter which showed that increase in Re leads

to increase in growth rate of most of the unstable secondary instabilities and also leads

to the possibility of earlier emergence of secondary modes during flow evolution. As

will be described later, this might have important implications for the interpretation of
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Figure 3.8: Left column: time variation of calibrated total potential energy (P(t)−DP t−
P(0)) in solid line, calibrated available potential energy (PA(t)−PA(0)) in dashed-dotted
line and calibrated background potential energy (PB(t) − DPt − PB(0)) in dashed line;
Right column: time variation of various terms of equation (3.12). The vertical dashed
lines in the right panel represent t2D and t3D.

observations of shear instabilities in geophysical flows. Two additional points can be

made by comparing Figures 3.2 and 3.9: first, although at lower Re the growth rate

of K3D increases with Re, it seems that once Re is sufficiently high this growth rate

saturates, and K3D grows to its maximum from a negligible value in a very short period

of time; second, the second peak in K2D, which is associated with a turbulent-phase

upscale cascade (an apparently weak form of vortex pairing), becomes less significant

with the increase in Re. This is because the increase in Re promotes earlier and faster

growth of a number of 3D modes (the number of which itself increases with Re ) and

thereby, efficiently destroys the large scale coherent structure of the KH wave which is

necessary for accommodation of the pairing instability. The dependence of the degree of
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Figure 3.9: Same as Figure 3.2 for Re = 4000 (thick solid lines), Re = 6000 (dashed
line), Re = 8000 (dashed-dotted line) and Re = 104 (thin solid line).

suppression of the pairing instability with increase in Re will be examined in detail in

the next section.

Figure 3.10 shows plots of streamwise and spanwise vorticity iso-surfaces at various

times between t2D and t3D for each of the cases we are considering. Figure 3.11 shows

the corresponding plots of power spectral density, as well as contour plots of vorticity

on planes passing through the braid and core regions. In what follows, we will interpret

these two figures together to discuss the differences in the evolution of the flow for each

Reynolds number.

For Re = 4000, two 3D modes begin to grow shortly after t2D. SCI grows in the

cores while a stationary (with respect to the primary KH billow) vortex forms at the

stagnation point on the braid due to emergence of SPI. Inspection of the power spectral

density for this case shows that the two modes (SCI and SPI) have different spanwise

wavenumbers, with that of the SCI being larger. Moreover, as one would expect, most of

the power in the spectrum for the total flow field is concentrated in the modes associated

with the core region. The middle and right panels in the first row of Figure 3.11 show

growth of convectively unstable rolls in the vorticity layers inside the cores, as well as the

SPI vortex (with a different wavenumber) forming at the braid stagnation point. The

core curve in the power spectral density plot has a secondary peak (at d ∼ 5) which is

the same wavenumber as that of the SPI vortex on the braid. This is not coincidental:

as discussed in the previous chapter, because the stagnation point instability (SPI) can
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interact with the largest vorticity bands inside the cores (which host the LCVI; see the

instability lexicon in the appendix of chapter 2). The interaction between the two gives

rise to the non-local SVBI mode (see Figure 2.17), which leads to formation of a SPI

vortex on the braid as well as deformation of the vorticity bands inside the cores which

have approached the stagnation point due to growth of the vortex cores. This further

confirms the prediction of our stability analysis in that the SVBI is a combination of

SPI and LCVI (or alternatively, one might consider SPI and LCVI as manifestations of

SVBI).

Once Re is increased to Re = 6000, secondary shear instability of the braid (SSI)

joins the group of 3D instabilities already observed at Re = 4000. As shown in the right-

most panel in the second row of Figure 3.10 (which shows ωy on a slice passing through

the middle of the domain), SPI will be seen to look just like an SSI vortex from this

perspective. However, it should be noted that the two instabilities are of different origins

(SSI is shear-induced while SPI extracts its energy from the background strain field), and

have different wavenumbers (SSI is nearly 2D while SPI is 3D as shown in the left and

right panels of figure 3.11). The SSI vortices propagate on the braid towards the vortex

cores while the SPI-induced vortex is locked on the stagnation point. The propagation of

SSI vortices towards the cores has significant implications for the collapse of the vortex

cores into fully developed turbulence. As shown in Figure 3.10, SSI vortices distort the

outer layers of the cores, exciting various tertiary instabilities such as Rayleigh-Taylor

instability (see the right panels in rows two and three of Figure 3.10 for further details).

This enhancement in the breakdown of the cores due to SSI vortices can precede or

co-exist with the destructive influence of the SCI.

A comparison between Re = 6000 and Re = 8000 cases in Figure 3.10 reveals a great

similarity between the two cases, with the scales of structures produced by secondary and

tertiary instabilities becoming smaller with Re. Moreover, the number of SSI vortices

increases, and the time of onset of their emergence shifts to earlier times with increase in
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Re. Once Re is increased to 104, SSI vortices dominate the braid early on in the evolution

of the KH billow and during the roll-up of the cores, and thereby prevent the SPI vortex

from emerging at the stagnation point. Therefore, it seems that at the assumed values

of Ri0 and Pr, SPI can exist only over an intermediate range of Reynolds number.

The general conclusions based upon the information provided in the graphics of Fig-

ures 3.3 and 3.10 is that within the range of 750 < Re < 104 (for Ri0 = 0.12 and Pr = 1),

numerous secondary instabilities are expected to and do emerge. At low Re, the pairing

instability continues to be a key player which enforces a strong upscale cascade, while its

occurrence seems to be increasingly modified by the emergence of a group of small scale

instabilities growing in the cores or on the braid as Re is increased. These secondary

instabilities may co-exist, or may interfere with or even prevent the emergence of each

other depending on the order of their appearance (which itself is highly sensitive to the

background noise in the flow field). The differences in the underlying dynamics of the

turbulent collapse of the mixing layer due to the emergence of different instabilities can

have important implications for turbulent properties of the flow such as the efficiency of

mixing. We will explore this in the next section.

It is also interesting to note that most of the secondary instabilities found in the

non-separable linear stability analyses can be observed in our DNS results. Although

some are only observed at Re much higher than that of the stability analyses (which

were performed at Re = 1000 and Re = 2000), their potential to grow existed even at

these lower values of Re. Therefore, further repetition of the non-separable secondary

stability analyses at higher Re (say 104 for example) might be useful in predicting the

occurrence of even further instabilities which might exist at even higher Re values.

A comparison of the various Re cases in Figure 3.11 shows that with increase in Re,

more and more energy is pumped into small scale instabilities emerging inside the vortex

cores, while the braid remains dominated by distinct wavenumbers associated with the

SPI and SSI modes. ForRe = 104, there is considerable activity at spanwise wavenumbers
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Re = 4000, Ri0 = 0.12, Pr = 1 (t2D = 57 and t3D = 87)

Re = 6000, Ri0 = 0.12, Pr = 1 (t2D = 62 and t3D = 81)

Re = 8000, Ri0 = 0.12, Pr = 1 (t2D = 62 and t3D = 95)

Re = 104, Ri0 = 0.12, Pr = 1 (t2D = 60 and t3D = 89)

Figure 3.10: Same as Figure 3.3 but for Re = 4000, 6000, 8000, and 104. Density contours
are shown for the y = Ly/2 planes for Re = 6000 and Re = 8000 cases. In the last panel
of the bottom row, only blue iso-surfaces are shown for better visual presentation of the
streamwise vorticity, ωx.

above d = 10. This is due to the emergence of new instabilities at higher Re in the cores

(such as LCVI and shear instability of vorticity layers inside the cores), and distortion

of the vortex cores due to braid activities (such as the travelling of SSI vortices along

the braid and towards the cores which can excite local Rayleigh-Taylor instability in

the outer regions of the vortex cores). This enhancement of the growth of various 3D
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perturbations inside the cores with increase in Re can lead to rapid homogenization of

the vortex cores as compared to the evolution of the braid. As shown in the second

panel in the last row of Figure 3.10, at Re = 104, the cores are completely turbulent

while a clear braid layer (with overlying SSI vortices) can still be observed. This might

have implications for the interpretation of observations of shear layers, such as those of

Geyer et al. (2010). Since back-scatter measurements are sensitive to density differences,

a side view (obtained from measurements) of a KH billow such as that of Figure 3.10

for Re = 104 might over-emphasize the importance of braid structures simply because

cores have homogenized earlier and faster than the braid regions. This could provide a

simple explanation for the existence of almost no structures inside the cores of the KH

wave trains reported by Geyer et al. (2010).

To compare the energetics of 3D perturbations between high and low Re cases, Figure

3.12 shows a plot similar to those shown in Figure 3.8 but for Re = 8000. Comparing

this plot with those in Figure 3.8 shows that with increase in Re, the contribution of H3D

to σ3D increases due to vigorous overturning of convectively unstable regions inside the

vortex cores. There is also a slight increase in the transfer of energy from the background

KH billow to the 3D perturbation field (the Sh term). However, these two increases are

compensated by the increase in negative influence (draining of K3D) due to enhanced

dissipation (D) and anisotropy in the field (A). The latter is due to increase in emergence

of various secondary modes of different origins (buoyancy driven, shear-induced, strain-

induced etc.,) and with different wavenumbers. The figure also reveals a small negative

influence (i.e., transfer of energy from the 3D field to the background flow) of Reynolds

stresses (R3D) during very early periods of growth of 3D perturbations. Similar to low

Re cases, in the turbulent phase of the flow (t > t3D), there is a dominant balance between

R3D, D3D, H3D and the anisotropy term (A), with the latter playing a more important

role at high Re. Therefore, the nonzero contribution of anisotropy breaks down the three

way balance of R3D − H3D − D3D which underlies equation (3.1). With inclusion of A
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each Reynolds numbers is chosen to be within the period of rapid rise in K3D shown in
Figure 3.9(c).
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Figure 3.12: Same as right panels in Figure 3.8 but for Re = 8000.

in the balance, the turbulent phase mixing efficiency, which can be calculated from

E3D =
M

M+D3D

≈ H3D

H3D +D3D

=
H3D

R3D −A , (3.36)

is clearly larger than the flux Richardson number Rf = H3D/R3D due to nonzero

anisotropy. This is one of the reasons why the time-averaged turbulent mixing effi-

ciencies which we will present in the following section will be higher than the canonical

value of 0.2.

Route to turbulence, mixing efficiency and effective diffusivity

In this section, we quantify the extent to which emergence of 3D instabilities at higher

Reynolds numbers suppress the pairing process. We also investigate how this suppression,

as well as the increase in the number and growth rate of 3D secondary modes with

Re change the route to mixing and thereby affect the efficiency of mixing and the effective

vertical flux.

Figure 3.13 shows plots of the time evolution of Power Spectral Density (PSD) of the

primary KH wave (in panel (a)) and the pairing mode (in panel (b)) for various Reynolds

numbers, all at Ri0 = 0.12. The primary instability curves follow more or less the same

pattern during the roll-up of the KH wave since growth rate of the KH wave is primarily

a function of stratification. However, the pairing mode curves show that there is a highly



Chapter 3. Transition and Mixing of a stratified free shear layer 91

significant reduction in the transfer of energy into the pairing instability with increase

in Re . Consistent with the flow visualization plots shown in the previous section, at

Re = 750, pairing is the only secondary mode growing on the primary KH wave other

than the SCI. From R = 750 to Re = 1000 however, earlier and faster emergence of

SCI as well as emergence of stagnation point instabilities (see Figures 3.3,3.4,3.6 and

their corresponding discussions) lead to noticeable suppression in PSDpairing. The level

of suppression remains nearly the same from Re = 1000 to Re = 4000, beyond which

emergence of a number of other modes (such as the SSI, LCVI and other instabilities they

excite inside the vortex cores) results in a further suppression of the subharmonic mode.

This second stage of sharp suppression in PSDpairing is consistent with observations

of Figure 3.10. Although suppression of vortex pairing by stratification has been long

known, Figure 3.13(b) provides clear evidence of the suppression of pairing by an increase

with Re of the number and growth rate of small scale structures. This agrees with the

paucity of observational evidence for vortex mergers in shear layers at geophysically-

relevant high Reynolds numbers.

Figure 3.13(c) plots the time evolution of instantaneous mixing efficiency for the

four cases considered in panels (a, b). As discussed by Caulfield & Peltier (2000), the

preturbulent phase of a shear layer lifecycle can be highly efficient in the vertical mixing

of dense and light fluid mostly due to the small dissipation rate which is characteristic of

this stage of flow evolution. During the transition and post transition phases of the flows

(i.e. t > t2D) mixing can however be greatly influenced by the details of the underlying

dynamics. As mentioned earlier in the discussion of flow energetics, for Re = 750, the

turbulent-phase pairing extracts some of its energy from the K3D reservoir. This leads to

a decrease in the effective viscous dissipation facilitated by small scale perturbations and

thereby leads to an increase in Ei. With increase in Re and suppression of pairing, the

3D perturbation field becomes more energetic and this increases the viscous dissipation.

However, an energized 3D perturbation field also enhances diapycnal mixing considerably.
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The interplay between these opposing factors (in the sense that one tends to increase and

one to decrease E) leads to a decrease in the turbulent-phase-averaged E from Re = 750 to

1000 (due to suppression of pairing) and an increase in turbulent-phase-averaged E from

Re = 1000 to 4000 (due to increase in diapycnal mixing M). From Re = 4000 to higher

Reynolds number Ei seems to be only mildly influenced by the increase in number and

decrease in scales of 3D secondary modes. Panel (c) illustrates the clear and considerable

change in efficiency of mixing with the change in the dynamical processes responsible for

turbulence breakdown of the shear layer.

From a practical perspective, perhaps the most important quantity related to a shear

layer is the vertical flux of tracers across the layer. This vertical flux is often parameter-

ized through the introduction of subgrid-scale mixing representations in Ocean General

Circulation Models (OGCMs). To investigate the influence of specific transition scenar-

ios (associated with the dominance of various secondary instabilities on the transition

process) on the vertical flux, we plot the total and perturbation vertical buoyancy flux for

the four cases considered previously (in Figure 3.13) in Figure 3.14. During the period

t < t2D, total flux is dominated by that associated with the roll-up of the primary KH

wave and consists of a large upward flux followed by a smaller downward net flux. At

low Re , vortex pairing also contributes significantly to the upward flux. With increase

in Re and suppression of pairing however, the post transition total buoyancy flux (for

t > t3D) becomes dominated by the flux associated with the small scale turbulent mo-

tions. It is also important to note the decrease in the t2D − t3D gap with increase in

Re . As shown for Re = 8000 and 104 in the previous section, for sufficiently high Re ,

K3D begins to grow prior to t2D and leads to rapid collapse of the layer and complete

suppression of an upscale cascade of energy. However, the net upward flux associated

with the roll-up of the primary shear mode is significantly larger in magnitude than the

turbulent phase buoyancy flux, though it occurs over a short period of time. We will

shortly assess the error introduced by exclusion of this portion of vertical flux in the
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Figure 3.13: Power Spectral Density (PSD) for the primary KH wave (a) and the first
subharmonic wave (b) for various Reynolds number all at Ri0 = 0.12; Corresponding
instantaneous mixing efficiency in (c).

calculation of the total flux at geophysically plausible Reynolds numbers.

To examine the applicability of relation (3.1) to the problem of predicting the effective

diffusivity of shear induced turbulence, we apply it in the analysis of the results of our

numerical simulations of turbulent shear layer collapse. Figure 3.15 shows plots of κ

calculated using (3.1). Two sets of calculations are performed based on this formula:

in one we keep mixing efficiency constant at the commonly-used value of 0.15 and in
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Figure 3.14: Time evolution of total and perturbation buoyancy fluxes for the four cases
considered in Figure 3.13. Color coding is also the same as Figure 3.13. The two dashed
lines in each panel represent t2D and t3D.
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the second we use the actual time series of mixing efficiency calculated for each case

based on the simulation results. The two calculations are tested against an accurately-

defined effective diffusivity calculated on the basis of buoyancy fluxes which were plotted

in Figure 3.14 and by using the following relation

< ρw >= −κ dρ̄
dz
, (3.37)

where ρ̄ is the background density.

Left panels of Figure 3.15 show the three calculated diffusivity profiles while the right

panel in each row shows a close-up of the turbulent phase (t ≥ t3D) of the curves. At

all Reynolds numbers, there are significant differences between the black curves and the

Osborn-relation based predictions for an entirely expected reason: namely that relation

(3.1) is based upon the assumption of statistically-steady turbulent flow and is therefore

not expected to be applicable for the pre-transition phase of flow evolution. The early

period of strict inapplicability of (3.1) is much more extended at lower Reynolds numbers

as t3D is inversely related to Re . Moreover, a prominent presence of pairing instability at

low Re hinders the transition to quasi-isotropic stationary turbulence by both breaking

the isotropy assumption and by extracting energy out of the 3D perturbation kinetic

energy reservoir. With increase in Re however, the difference between the predictions of

(3.1) and the accurate flux becomes more limited to the early roll up stage of the shear

instability. However, this difference remains an important contributor to the inaccuracies

involved in the total flux that one would estimate by using (3.1). The expanded resolution

versions of the turbulent phase of the diffusivity curves (in the right panels) show that

well into the turbulent phase of flow evolution, relation (3.1) gives a good estimate of

the effective diffusivity. Most observational evidence obtained in support of κ has been

limited to turbulent flows since preturbulent large scale motions prior to transition to

turbulence are not meant to be measured by micro-structure measurement techniques.
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However, Figure 3.15 shows that a large vertical flux is associated with less turbulent,

more coherent large structures which develop prior to transition to turbulence. Therefore,

insofar as the vertical flux is concerned, there is a significant contribution associated with

the early stages of flow evolution which includes the roll-up process and vortex pairing.

As discussed earlier however, with increase in Re , pairing is suppressed and the roll-up

process becomes shorter and the fully developed turbulent contribution to the total flux

is therefore expected to dominate the total flux.

To quantify the errors in a time-averaged sense, we plot time-averaged cumulative

mixing efficiency versus Reynolds number in Figure 3.16(a). Two curves are plotted;

one for Ec integrated over the whole life cycle of shear layer evolution and one only

integrated over the turbulent phase of the flow. The result shows that only the post-

transition integrated efficiency at low Reynolds numbers is in the conventional range of

0.15 − 0.2 (as was illustrated in Caulfield & Peltier (2000)). However, with increase in

Re , Epost3D
c initially decreases (due to suppression of pairing) and then increases (due

to more efficient diapycnal mixing energized by the emergence of a large number of 3D

instabilities) leading to values in excess of 0.3. Therefore, even if the preturbulent phase

of the flow becomes short and negligible at very high Reynolds number (an assumption

which we have not attempted to address directly in this work), E = 0.15− 0.2 seems to

be low for shear-induced mixing.

Panel (b) of Figure 3.16 shows a plot similar to panel (a) but for the total viscous

dissipation. At low Reynolds numbers, time-averaged dissipation is dominated by KH

roll-up and the pairing process due to lack of emergence of 3D instabilities during later

times of flow evolution. Increase in Re , however, leads to partial suppression of pairing

(and its associated enhanced dissipation) and emergence of the SPI. Rapid introduction

of spanwise small scale structures associated with the SPI leads to the post transition

dissipation dominating the lifecycle-averaged dissipation. Further increase in Re leads to

significant suppression of pairing and emergence of other small scale instabilities (such
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Figure 3.15: Effective diffusivity calculated by using equation (3.37) in black lines, and
by using Osborn relation (3.1) with E = 0.2 in red lines and with considering the actual
time history of E in green lines. Each row corresponds to one of the cases discussed in
Figures 3.13 and 3.14. Right panel in each row is a close-up of the turbulent phase (i.e.
t > t3D) of the left panel.
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as the SSI, LCVI etc.). In this high-Re regime (beyond Re = 6000), the preturbulent

phase of flow evolution is much shorter than the turbulent phase, and D is completely

dominated by turbulent phase contributions.

Figure 3.16(c) shows time-averaged (over the whole lifecycle of unstable shear layer

evolution) values of κ for the profiles shown in Figure 3.15. The differences between the

curves in this panel illustrate the errors introduced into estimates of the vertical buoyancy

flux due to different contributors discussed above: the difference between the solid black

curve and the dashed black curve is entirely due to ignoring the preturbulent flux. This

large contribution does not seem to become negligible within the Reynolds number range

explored in this chapter, suggesting that even though the preturbulent phase of flow

evolution becomes shorter with increase in Re , its contribution to total buoyancy flux

remains important. The difference between the dashed black curve and the red curve,

both of which correspond to the fully developed turbulent phase of the flow, is only the

error associated with the isotropy assumption that underpins relation (3.1) since a time-

variable mixing efficiency is employed in (3.1) to obtain the red curve. The time history of

mixing efficiency is often not known in practical applications of relation (3.1). Therefore,

the difference between the dashed black line and the blue line (which is obtained by using

relation (3.1) along with the often used mixing efficiency value of E = 0.15) should be

considered as a practical measure of the error associated with employing relation (3.1)

with the canonical value of 0.2 for E/(1− E) (or 0.15 for E) to a fully-developed shear-

induced turbulent layer. This error, which amounts to an under-prediction of the flux by

almost 100%, is primarily due to the low constant value used for E . According to panel

(a) of the figure, a value of E ∼ 1/3 would lead to better predictions for our cases. It

is important to note that the relatively large variations in diffusivity curves in panel (c)

follow the variation of the dissipation curves in panel (b) which was explained in terms

of the emergence of different modes of instability at various Reynolds numbers. Mixing

efficiency in panel (a) seems to be less variable at sufficiently large Reynolds numbers.
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It is also important to note that the agreement between the actual effective diffusion

and that obtained by using the Osborn formula along with E = 0.15 is good in the low

Reynolds number regime, but that it deteriorates with increase in Re. Therefore, our

results suggest that emergence of a large number of secondary instabilities, along with

suppression of the pairing instability at high Reynolds numbers, lead to deviation of the

turbulent phase energy balance upon which the Osborn formula is based.

At this stage, we can preliminarily assess the extent to which the turbulent mixing

represented by the numerical experiments described in this study might be of relevance

to shear-induced mixing in the oceans. As discussed earlier, a relevant parameter for this

purpose is the buoyancy Reynolds number defined as Reb = ǫ/(νN2) which is a measure

of the scales available to turbulence. More precisely, Reb is the ratio of the scale of the

largest eddies which are allowed to overturn before becoming suppressed by stratification

(the Ozmidov scale) to the scale at which overturning is precluded by viscous forces (the

Kolmogorov scale). Various studies have suggested that for stratified turbulence to be

maintained, Reb has to be larger than a critical value which is approximately 20 (Gregg

(1987), Stillinger et al. (1983), Smyth & Moum (2000)). Various observational studies

have measured the buoyancy Reynolds number and have shown that it is O(102−103) in

the oceanic thermocline or in energetic estuaries and inlets (Gargett et al. (1984), Moum

(1996), Geyer et al. (2010)). In table 3.2, we present the Rb values corresponding to

cases considered in this section. Each value has been calculated at a short time after

the saturation of the turbulent perturbation field. For all cases, Reb remains of the same

order as the value presented in the table for a considerable length of time (of the total

lifecycle of the KH billow) before diminishing as turbulence decays. As the numbers in

the table suggest, Rb spans nearly a decade in our simulations and lies well within the

range suggested by the oceanographic observations. Interestingly, the new relatively high

Reb regime considered in this study (as compared to earlier DNS studies), coincides with

the range in which a large number of secondary instabilities (absent in low-Re flows)
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Figure 3.16: (a) Cumulative mixing efficiency (spanning both pre and post turbulent
phases of the flow) in solid black and post transition cumulative efficiency (only spanning
the turbulent phase of the flow) in dashed black line as a function of the Reynolds number;
(b) Total dissipation D averaged over both pre and post turbulent phases in solid black
and D averaged only over the fully developed turbulent phase in dashed black line; (c)
Plotted against the Reynolds number are: the time averaged (over the life cycle of the
shear layer) effective diffusivity calculated by using equation (3.37) in black, post t3D
time averaged effective diffusivity calculated from equation (3.37) in dashed black line,
effective diffusivity calculated from Osborn’s relation (3.1) with time-dependant E in red
and Osborn’s relation with E = 0.15 in blue.
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Re 750 1000 2000 4000 6000 8000 104

Reb 82 108 188 383 433 502 610

Table 3.2: Turbulent phase buoyancy Reynolds numbers.

emerge in the flow and prevent a direct upscale cascade through vortex merging.

3.4 Richardson number dependence of turbulence tran-

sition and mixing

To investigate the influence of Richardson number on turbulence transition and mixing,

we perform a number of 3D numerical simulations which are listed in Table 3.3. The

Reynolds number for all cases is set to 6000, which based on the analyses of the previous

section is sufficiently high to ensure that pairing interaction is suppressed and that the

‘zoo’ of instabilities is populated with the numerous instabilities which were found to

exist only at high Re. The range of Richardson numbers considered in this section spans

intermediate values to values which are just subcritical (with respect to Miles-Howard

necessary condition for shear instability). This range is believed to be most relevant to

oceanic energetic shear zones.

One of our primary goals in this section is to investigate the primary assumptions

behind relation (3.1) in this range of Richardson number. Therefore, we revisit the as-

Re Ri0 Pr Lx Ly Lz Nx Ny Nz

6000 0.12 1 14.28 3 & 6 30 1280 256 & 512 1216
6000 0.14 1 14.28 3 & 6 30 1280 256 & 512 1216
6000 0.16 1 14.28 3 30 1280 256 1216
6000 0.18 1 14.28 3 30 1280 256 1216
6000 0.20 1 14.28 3 30 1280 256 1216

Table 3.3: Details of 3D numerical experiments employed to investigate the influence of
Richardson number on mixing.
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sumptions behind the Osborn (1980) method of calculating an effective diffusivity through

neglect of various terms in (3.12). The three basic aforementioned assumptions, respec-

tively the ‘F’ of fully developed turbulence, the assumption ‘S’ of stationary turbulence

and the assumption ‘I’ of isotropic turbulence. Beginning from (3.12), assumption ‘S’

corresponds to the neglect of the time derivative on the left hand side while assumption

‘I’ requires the elimination of Sh3D and A, resulting in a three-term balance between

shear production (R3D), turbulent buoyancy flux (H3D) and dissipation (D3D) in the

form:

R3D = H3D +D3D. (3.38)

By defining a turbulent flux Richardson number as

Rif = H3D/R3D, (3.39)

and by relating the vertical turbulent buoyancy flux < ρw3D > to a mean background

gradient dρ̄/dz through the introduction of an effective turbulent diffusivity, rearranging

(3.38) leads directly to equation (3.1). In this section we seek to investigate the validity

of the assumptions leading to elimination of the additional terms in (3.12).

Analyses of the simulations

Figure 3.17 illustrates the turbulence transition phase of flow evolution for each of the

simulations considered herein by providing contour plots of both density and rate of

dissipation of kinetic energy. The contour plots have been made for the mid-plane in

the spanwise direction. Although these figures are instructive for determining the form

and localization of the structures leading to dissipation and mixing, it is also useful to

consider visualizations of the vorticity field, due to the key role of vorticity dynamics

in the finite amplitude form of the various instabilities, as well as the ensuing turbulent

mixing. Therefore, we also plot iso-surfaces of vorticity (both streamwise and spanwise)
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Figure 3.17: Time evolution of flow during the transition phase. For each Ri0 value,
top panels show contours of density and bottom panels show contours of the rate of
dissipation of kinetic energy. Color maps for both contours are linear.
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for the same cases in Figure 3.18, and interpret the flow evolution by consideration of

both sets of figures together. Taken in combination, these figures illustrate clearly a

central challenge of interpretation of stratified mixing layers at sufficiently high Reynolds

numbers. As the bulk Richardson number increases, the amplitude of the primary KH

billow decreases, with several complicated consequences. The types of secondary instabil-

ities which develop on the evolving billow clearly changes, and it is by no means obvious

whether the mixing is dominated by the effects of the primary larger-scale overturning,

by secondary instabilities which develop as the primary billow grows, or by secondary (or

indeed tertiary) instabilities ‘catalysed’ by the non-parallel billow when it is essentially

at its saturated amplitude, as was argued to be the case for the low Re, low Ri0 flows

considered by Caulfield & Peltier (2000).

Focusing on the first two cases with Ri0 = 0.14 and 0.16, the evolution of the flow

is similar to that of the case with Ri0 = 0.12 which was discussed at length in the

previous section, in that following saturation of the primary KH billow, a number of

secondary instabilities emerge and facilitate turbulent breakdown of the KH billow. The

most prominent of these secondary instabilities are (once again) the SCI, illustrated

by purple and green streamwise vortex tubes in figure 3.18, the SSI, which forms on

the braid and is visualized by the grey iso-surface of spanwise vorticity in figure 3.18,

the SPI, which is also visualized by the grey spanwise vorticity surfaces as the largest

vortex on the braid at the leftmost edge of the domain in the top row of figure 3.18.

Comparing the Ri0 = 0.14 and 0.16 cases in figures 3.17 and 3.18 to the results for

Ri0 = 0.18 and 0.2 cases shows that the increase in stratification acts so as to suppress

the braid-localized instabilities (SSI and SPI), leaving the SCI as the primary mechanism

responsible for transition. In Chapter 2 we investigated the influence of stratification on

the evolution of each of the individual secondary instabilities and demonstrated that their

growth rates peak at intermediate values of Ri0. While at weak stratification the SSI

and SPI do not emerge, essentially due to the stratification being too weak to generate
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sufficiently intense baroclinic vorticity, at high Ri0 (0.2 or higher) they do not appear due

to the increased stabilizing influence of stratification on the inevitable vertical velocity

perturbations associated with these instabilities. It is only at some intermediate value

of Ri0 that the ‘zoo’ of secondary instabilities is most densely populated and this we

believe is at the heart of the non-monotonicity of the dependence of mixing efficiency

upon stratification. We explore this further below when we discuss the flow energetics,

as it is not immediately clear that enhanced turbulent dissipation in and of itself will

lead to more, or indeed more efficient, mixing.

As a first step in the quantitative consideration of the flow energetics, figure 3.19 illus-

trates the time evolution of the total kinetic energy (top), the kinetic energy associated

with the 2D primary KH billow (middle) and the kinetic energy of the 3D perturbation

field (bottom) for each of the different flows. As the flow evolves, the energy required

for the roll up of the KH billow and for growth of the 3D perturbation field is pro-

vided by the background kinetic energy. After turbulence transition, K2D and K3D decay

and the flow relaminarizes. The loss in the total kinetic energy after relaminarization

amounts to a net rise in the background potential energy, which we identify as involving

irreversible diapycnal mixing. Inspecting the magnitude and the timing of the peaks of

the K2D curves (t2D) it is clear that stratification monotonically decreases the saturated

magnitude of the primary billows, and monotonically increases the saturation time t2D.

Furthermore, the timing of the peaks of the K3D curves (t3D) also increases monotoni-

cally with stratification. From this point on, we will refer to the time period prior to t2D

as the ‘preturbulent’ phase of flow evolution, to the period between t2D and t3D as the

‘transition’ phase, and to the period beyond t3D as the ‘fully developed turbulent’ phase,

or simply as the turbulent phase.

All these observations are consistent with the intuitive concept that stratification,

quantified by the bulk Richardson number Ri0, may be thought of as a stabilizing effect

on flow instability if we may assume that the magnitude of the shear is fixed. However,
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————————————Ri0 = 0.14————————————

————————————Ri0 = 0.16————————————

————————————Ri0 = 0.18————————————

————————————Ri0 = 0.2————————————

Figure 3.18: Time evolution of flow during the transition phase. The plots show con-
tours of vorticity: grey surfaces represent spanwise vorticity and the green and purple
surfaces represent positive and negative streamwise vorticity, respectively. The structures
on the braid (shown in grey) represent the Secondary Shear Instability (SSI) and Stag-
nation Point Instability (SPI) while the streamwise vortices of purple and green colors in
the vortex cores represent the Secondary Convective Instability (SCI). See appendix of
chapter 2 (section 2.17) for a quick introduction of each instability.
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more careful consideration of the plots shows that the effect of increasing Richardson

number is actually much more subtle and complex. The times of onset of growth of

the 3D perturbations (hereafter referred to as tO3D) shows that while at Ri0 = 0.14

perturbations begin to grow after saturation of the KH billow (i.e. tO3D > tS2D), as Ri0

increases, secondary modes actually begin to grow earlier with respect to t2D (noting

that while the time of onset of a secondary instability is sensitive to the initial conditions

employed in a simulation, so long as similar initial conditions are applied to cases with

different Ri0, the above mentioned argument holds). Therefore, at lower Ri0, the vortex

cores have enough time to evolve fully, and hence ‘catalyse’ and thereafter host a large

number of secondary instabilities, whereas at higher Ri0, perturbations grow early in

flow evolution and before the cores build the potential to host multiple instabilities.

The results of our new numerical simulations taken together with those discussed in the

previous section (which together span the range 0.04 < Ri0 < 0.2) reveal that diapycnal

mixing is most efficient at Ri0 ≈ 0.16, at least for a Prandtl number of unity. The two sets

of results, together show that at this optimal value ofRi0, the largest number of secondary

instabilities emerge on the primary KH billow which facilitate efficient mixing. The range

0.1 < Ri0 < 0.18 seems to be the richest in terms of the number of secondary instabilities

facilitating mixing. Figure 3.19 reveals that the largest transfer of energy from K and

K2D into K3D occurs in this range, which might be suggestive of the most efficient mixing

occurring at this Richardson number. At Ri0 = 0.16, the primary billow is sufficiently

large and stratified to sustain vigorous secondary instability-induced mixing, while it

is not too strongly stratified to delay the emergence and limit the vigour of secondary

instabilities. Therefore, at Ri0 = 0.16 the secondary instabilities emerge precisely at

the time that the APE is at its peak, and use this APE to mix the density field most

efficiently. Ri0 = 0.16 is associated with the maximum value of K3D. Perhaps more

significantly, the ultimate value of the total kinetic energy K is actually minimum for the

flow with this Ri0, showing the largest loss of kinetic energy to both viscous dissipation
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and diapycnal mixing, suggestive at least of the most intense turbulent activity for this

flow.
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Figure 3.19: Time evolution of the total kinetic energy of the flow (top), kinetic energy
associated with the roll-up of the 2D KH billow (middle) and kinetic energy associated
with the 3D perturbation field (bottom). All quantities are scaled by the total kinetic
energy in the system at time t = 0.

Deeper understanding of the role of the underlying dynamics on the mixing process

requires a detailed analysis of the flow energetics, considering the time-evolution of both

perturbations and mean flow. Of particular interest will be whether there is evidence

of the ‘lag’ postulated by Barenblatt et al. (1993) to regularize flows where the amount

of mixing varies non-monotonically with stratification. To facilitate this, in figure 3.20

we plot the various contributors to the growth rate of both the total and the turbu-

lent kinetic energy reservoirs defined in (3.9) and (3.12). Moreover, to facilitate further

interpretation of the results of figure 3.20, in figure 3.21 we plot normalized two-point

cross-correlation functions of various of these contributors, in order to provide informa-

tion concerning both the relative timing of various processes, but also, crucially, their
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duration. Mathematically, the cross-correlation of functions f(t) and g(t) is defined as:

(f ⋆ g)(t) =

∫ ∞

−∞

f ∗(τ) g(t+ τ) dτ, (3.40)

where f ∗ denotes the complex conjugate of f . The correlation coefficients plotted in

figure 3.21 are normalized in such a way that the autocorrelation of each of f and g are

identically unity at zero lag. In the discussion below, we interpret figures 3.20 and 3.21,

together.

For Ri0 = 0.14, prior to saturation of the KH billow, 3D instabilities begin growing

at tO3D (see left panel, top row, figure 3.20) and they saturate at t3D. Prior to tO3D, a

large increase in the buoyancy flux (see right panel) leads to the accumulation of APE in

the billows. During the time period between tO3D and t3D, this APE is transformed into

kinetic energy associated with the rise of a number of 3D instabilities which facilitate

significant diapycnal mixing. For this case (Ri0 = 0.14), that rise in three-dimensionality

(see σ3D in the left panel) is coincident with a large negative buoyancy flux (see the

minimum of the green curve in the right panel) which is due to convective instability

of the vortex cores. This large exchange of APE back into kinetic energy also leads to

the local maximum in total kinetic energy apparent in the upper panel of figure 3.19,

which only occurs for this relatively low Ri0 simulation. This mixing through convection

driven by APE conversion is known to be a characteristic of stratified KH mixing at

low to intermediate Ri0 (Klaassen & Peltier (1985); Caulfield & Peltier (2000), also see

the previous section). The rise in the Sh3D curve in the left panel of the top row is a

manifestation of the secondary ‘braid’ instabilities such as the secondary shear instability

(SSI) and stagnation point instability (SPI) discussed above.

At higher Ri0, the strong growth of these braid modes (which was predicted in chapter

2) dramatically changes the nature of the diapycnal mixing. To demonstrate this, we

compare the second row in figure 3.20 with the first row. The primary difference between
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Ri0 = 0.14 and Ri0 = 0.16 is that for the latter value, mixing does not correlate negatively

with buoyancy flux in the period tO3D < t < t3D and the Sh3D contribution is larger. This

can be observed more clearly in figure 3.21 which shows that for Ri0 = 0.14 there is a

negative correlation between mixing and buoyancy flux at zero lag while that negative

peak (which is diagnostic of the central role of APE conversion in mixing in low-Re and

low to medium Ri0 flows) disappears for the Ri0 ≥ 0.16 simulations. The correlation

between Sh3D and mixing also increases from Ri0 = 0.14 to Ri0 = 0.16, showing that

the shear extraction associated with the SSI and SPI become the dominant contributors

to mixing rather than the SCI.

For the higher Ri0 cases illustrated in figures 3.20 and 3.21, the same trend holds.

Mixing is facilitated more and more by small-scale instabilities distinct from the SCI.

In fact, a comparison between all panels in figure 3.21 clearly illustrates this change in

behaviour. For all cases, the buoyancy flux is initially dominated by the roll-up of the

KH billow in the early stages of flow evolution, leading to the large positive correlation at

negative lag for each flow, a contribution which diminishes in magnitude as Ri0 increases

due to the suppression in the vertical extent of the vortex cores due to increase in the ratio

of the stabilizing influence of stratification to the destabilizing influence of the background

shear (figures 3.17). The decrease in the vertical extent of the vortex cores also leads

to a marked reduction in the vertical extent of the statically unstable layers within the

billow in which convective instability is realized at lower values of Ri. Because the

effective Rayleigh number of these unstable regions scales as the cube of layer thickness,

the increased static stability (more accurately the increasing proximity of the initial

Richardson number to the critical value for the onset of inviscid instability) of the initially

parallel flow leads to suppression of the shear aligned convective mode of secondary

instability (Klaassen & Peltier (1985), also see Chapter 2). Instead, for the flows with

Ri0 ≥ 0.16, there is a positive correlation between mixing and the total buoyancy flux at

zero lag. This can be understood physically since the smaller-scale overturning for the
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braid-centred instabilities is located in a region which is statically stable, and hence the

overturning corresponds to positive buoyancy flux, unlike that in the region surrounding

the periphery of the primary billow core for the flow with Ri0 = 0.14, where the fluid

is locally statically unstable, and so overturnings correspond to negative buoyancy flux.

For intermediate Ri0 flows, these overturnings lead to mixing which is characterized also

by a positive correlation with the 3D buoyancy flux at zero lag, showing that the three-

dimensional overturnings associated with the secondary instabilities are still energetic

as the mixing is occurring. However, there is eventually a negative correlation between

mixing and 3D buoyancy flux as the flow restratifies, and for the most strongly stratified

flow with Ri0 = 0.2 this restratification is actually contemporaneous with the peak in

irreversible mixing, leading to a negative correlation between H3D and M.

In the fully turbulent phase, at Ri0 = 0.14, buoyancy flux correlates negatively with

mixing (see Figure 3.21) due to convective instability and the peak of mixing activity (due

to convection) precedes proliferation of secondary shear and strain instabilities. In the

fully turbulent phase (beyond t3D), small scale overturns due to shear instabilities (which

are microcosms of the original KH billow) lead to an increase in the total buoyancy flux.

We shall refer to these structures as small scale coherent structures. The existence of

these structures relies inherently on the accessibility of a wide range of energy-containing

length scales, and hence sufficiently high Re.

As Ri0 increases to and beyond Ri0 = 0.16, the negative correlation between mixing

and total flux (which was shown in the top right panel in Figure 3.20 and which was

discussed above) disappears and the lag between the emergence of shear and braid insta-

bilities and mixing decreases, such that for the two highest values of Ri0 in the figure,

the lag tends towards zero. This implies that mixing becomes increasingly influenced by

instabilities other than the classic convective instability (SCI) of the core, and that the

more intense turbulence at Ri0 = 0.16 is associated with the abundance of braid-centred

secondary instabilities which give rise to an increase in small scale overturns manifested
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Figure 3.20: Left panels: Time evolution of various contributors to growth of the tur-
bulence as defined in (3.12); Right panels: Time evolution of contributors to the total
kinetic energy as defined in (3.9) as well as the total mixing. tO2D and t2D mark the onset
and saturation of growth of the primary KH billow while tO3D and t3D mark onset and
saturation of growth of the 3D perturbation field. (Note that the range of the vertical
axis in the last row has been halved.
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by a negative turbulent buoyancy flux. This can be further observed by comparing the

A curves in the left panels of figure 3.20 which quantify the anisotropic stretching of the

small scale turbulence by the background coherent structures. While in the early stages

of flow evolution (i.e. prior to t2D) A is due to the primary KH billow, for the post-

transition period it represents stretching of turbulent structures by the localized small

scale coherent structures discussed above. The figure shows that A averaged over the

turbulent phase of the flow increases markedly as Ri0 increases, in agreement with the

discussion above. As already noted, for Ri0 = 0.2, the vertical turbulent flux has a strong

negative correlation with mixing. This mixing is primarily due to structures which are

sufficiently large to facilitate numerous localized overturnings. As is apparent in figure

3.18 for Ri0 = 0.2, the turbulent flux can be inferred to be highly anisotropic, stronger in

the horizontal than in the vertical. This is a very different picture from that envisioned

by Osborn (1980) which is based on assumption ‘I’, i.e. that isotropic turbulence is re-

sponsible for producing the (turbulent) vertical buoyancy flux. It is therefore clear that,

even if the turbulence were stationary in this regime of strong stratification, which it is

not for the Reynolds number of 6000, application of (3.1) (or variants thereof) to the

quantification of diapycnal mixing associated with shear-induced turbulence under initial

Richardson number conditions that are only slightly smaller than the Miles-Howard criti-

cal value would be highly inappropriate since the vertical buoyancy flux is not maintained

by isotropic turbulence.

Another important observation follows by comparing the various rows of figure 3.20:

at lower Ri0, the flow evolution can be divided into three primary periods: an initial

period of turbulent growth, an intermediate period in which energetic turbulence is main-

tained and may be approximated as stationary, and a final decaying period (similar to

the categorization of Shih et al. (2005)). This categorization is not specific to shear-layer

turbulence and is applicable to other turbulence events such as breaking of an internal

wave or evolution of a stratified turbulent wake (Spedding (1997)). In general, it is only
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the intermediate period which may be characterizable by the quasi-steady balance as-

sociated with assumption ‘S’ used in the derivation of (3.38) and (3.1). It was shown

in the previous section that this intermediate period makes up a larger fraction of the

whole lifecyle of turbulence with increase in the Reynolds number at a fixed moderate

degree of initial inviscid instability of Ri0 = 0.12. Our present analyses, however, show

that with increasing Richardson number towards the Miles-Howard critical value, the in-

termediate period shrinks and by Ri0 = 0.2 the flow evolution includes only growth and

decay periods. Therefore, increase in Ri enhances the breakdown of the assumption ‘S’ of

stationary turbulence, and indeed, since the flow is continually evolving, makes it difficult

to define a fully-developed phase of turbulence (hence breakdown of the assumption ‘F’).

Similar enhancement of time-dependance of flow properties with increase in Ri has been

reported in observational studies, a recent example reported by Geyer et al. (2010) (as

well as personal communications with Dr. R. Geyer and Dr. M. Scully from the Woods

Hole Oceanographic Institute) in energetic estuarine shear zones. Therefore, we expect

the ability of the Osborn formula in quantifying the diapycnal mixing in time-dependant

shear-induced mixing events to diminish with increase in Ri. This will be further assessed

below.

Discussion of the influence of Richardson number

As discussed above, it seems clear, at least qualitatively, that the key assumptions (that

the turbulence is fully-developed, isotropic and stationary) of the Osborn model are not

appropriate to the stratified mixing layer at sufficiently high Re and Ri0. Furthermore,

we have demonstrated that the mixing is, at least at intermediate Ri0, dominated by the

‘zoo’ of secondary instabilities. To address the remaining central aim of this section, i.e.

whether the mixing efficiency is a non-monotonic function of the bulk Richardson number

Ri0, we now turn our attention to quantitative consideration of the mixing efficiency of

the various flows. Figure 3.22 presents time averages of the quantities plotted in figure
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3.20 as a function of Ri0. The left panel of the figure shows that the buoyancy flux

is not entirely due to the post transition turbulent flux, but that it is dominated by

the larger scale stirring due to the primary KH billow (the contribution of which to

total flux diminishes with increase in Ri0) and by localized stirring due to small scale

instabilities growing inside the mixing layer. Indeed, the turbulent flux may even have

a negative contribution as explained in the previous section. The maximum buoyancy

flux occurs in the range 0.14 < Ri0 < 0.16 and coincides with the range of maximal

total mixing as shown in the middle panel. The high flux in this range is undoubtedly

due to the existence of a large number of secondary instabilities which do not exist at

either lower or higher Ri0. This leaves an intermediate range of Ri0 in which the flow

is richest in terms of the small scale instabilities responsible for a rapid transition to

turbulence. Viscous dissipation is also maximal in this range because of the strength of

the 3D perturbation field enriched by the high secondary instability activity, implying

that both the numerator and denominator of the mixing efficiency Ec as defined in (3.29)

are maximal for intermediate Ri0. It actually appears that the mixing efficiency attains

its maximum between Ri0 = 0.14 and Ri0 = 0.16 which is similar to the range in which

buoyancy flux is maximized.

This shows an interesting, though perhaps fortuitous agreement with the predictions

of Tang et al. (2009) for stratified plane Couette flow, which of course is a completely

different flow from the one considered here. We speculate that there are two generic

characteristics of ‘optimal’ mixing which the two flows might share, which are indeed

effectively the physically-motivated arguments presented by Linden (1979). Firstly, it

appears that, at least at sufficiently high Re, ‘efficient’ mixing (i.e. mixing with large

Ec) is directly associated with flows with high mixing (i.e. flows with large values of the

buoyancy flux in the numerator of Ec). Secondly, while at relatively low stratification the

thickness of the turbulent layer can grow large, turbulent diapycnal mixing is not highly

efficient (disregarding the preturbulent laminar phase of the flow which is efficient due
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to negligible dissipation) as the stratification can rapidly be homogenized. Conversely,

at values of the Richardson number closer to the Miles-Howard threshold, vertical flux

(and the existence of instabilities which would facilitate that) are suppressed. There is

an intermediate range in which the mixing layer is thick enough to host a large num-

ber of secondary (and tertiary) instabilities which owe their existence to the presence

of stratification, through for example the baroclinic generation of vorticity. Thus, the

intermediate regime is most effective in maintaining a large vertical flux through efficient

mixing. Since for both these classes of flows Ri0 ≥ 1/4 leads to complete suppression of

instability, it is thus plausible that flows with Ri0 ≃ 1/6 lie in this intermediate optimal

regime.

The middle panel of figure 3.22 shows that while the mixing averaged over the whole

lifecycle of the flow (solid curve) peaks over the range 0.14 < Ri0 < 0.16, the mixing

during the post-transition phase phase (i.e. t > t3D ; dashed curve) is less variable with

Ri0. Therefore, it is the transition period of the flow (tO3Dt < t < t3D) which contributes

the most to the maximization of the mixing at Ri0 ≈ 0.16. The right panel of the

figure shows that the efficiency of mixing during the post-transition phase varies in the

range 1/4 − 1/3, with the upper bound corresponding to Ri0 = 0.16. The total mixing

efficiency corresponding to the whole lifecyle however varies between 0.28 and 0.45, with

the peak again at Ri0 = 0.16 and the smallest values at high Ri0. Both the middle and

right panels show that the lifecycle-averaged and turbulent phase-averaged quantities

merge at high Ri0. We wish to emphasize that the existence of an intermediate range

of stratification in which mixing is most efficient (and thus the validity of the above

arguments) is conditional upon the Reynolds number being sufficiently high that the

‘zoo’ of secondary instabilities is fully populated so as to facilitate enhanced mixing, as

was discussed in the previous section. These are the mechanisms for this particular flow

by which substantially-enhanced (and Ri0-dependent) mixing can occur, and so it is clear

that the stratified mixing layer does indeed exhibit non-monotonic variation of mixing
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with stratification.

Finally, we are now in the position to test quantitatively the validity of the Osborn

(1980) method of calculating an effective diapycnal diffusivity (described in (3.1)) by

revisiting again the three basic assumptions upon which this method is based: assumption

‘F’ of fully developed turbulence; assumption ‘S’ of stationary turbulence and assumption

‘I’ of isotropy. In (3.41), we repeat for clarity (from (3.12) the complete balance of various

terms contributing to evolution of the turbulent kinetic energy and in (3.41), we repeat

(from (3.38)) the reduced balance considered by Osborn (1980).

complete balance:
1

2K3D

d

dt
K3D = R3D + Sh3D +A−H3D −D3D, (3.41)

Osborn (1980) balance: R3D = H3D +D3D (3.42)

It was shown in Figure 3.20 that while the flow evolves into a fully developed turbulent

phase beyond t3D, turbulent kinetic energy (thick black dashed lines in left panels of

Figure 3.20) decays afterwards. Although at low to intermediate stratification levels

(such as those considered in the previous section and in the case Ri0 = 0.14 here)

there exists an extended period of weak decay of the turbulence which one can treat

as a ‘stationary period’, this phase shrinks in time with increase in stratification and

at moderately high to strong stratification levels (assuming that the shear is fixed) the

assumption ‘S’ of stationary turbulence in (3.42) completely breaks down, at least for

the value of the Reynolds number of 6000 upon which all of the analyses in this section

have been based. Moreover, we showed in figure 3.20 that there exists a non-negligible

exchange of energy between the turbulent structures and the background billow upon

which turbulence has grown (i.e. Sh3D) as well as a non-negligible contribution due to

deformation of turbulent structures by the background billow (i.e. A). Both Sh3D and

A exist due to anisotropy in the flow and are comparable to (if not larger than) the

other terms in the Osborn balance of (3.42). Therefore, the assumption ‘I’ of isotropy
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Figure 3.21: Normalized cross correlation functions (defined in (3.40) between total diapy-
cnal mixing, M, and various other quantities defined in (3.9)-(3.12), plotted as functions
of the correlation time lag τ .
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also fails. A final and perhaps the most lethal blow to the ability of (3.42) to represent

accurately the buoyancy flux in our simulations comes actually not from the failure of

the three core underlying assumptions mentioned above, but rather from the incorrect

modelling argument that the turbulent buoyancy flux accounts for the total flux. It was

shown in figure 3.20 that coherent structures (such as the primary KH billow and the

attendant ‘zoo’ of secondary instabilites) which exist at scales larger than the turbulent

fluctuations contribute significantly to the effective flux and that the turbulent flux can

in fact contribute negatively to the upward flux at some periods of flow evolution. As

pointed out by Ivey et al. (2008b), the important contribution of overturns at scales larger

than that of turbulence to the buoyancy flux often goes unaccounted for in estimation of

the flux.

To formally quantify the error (due to the inapplicability of the underlying assump-

tions) associated with application of the Osborn balance (3.42) to our numerical experi-

ments, in figure 3.23 we plot the difference between the left and right hand sides of the

balance, normalized by the total dissipation for all the cases discussed in this study. All

the curves in the plot correspond to the fully developed turbulent phase (t > t3D) of

the flows, which is most suitable for direct comparison with (3.42). As clearly shown

in the figure, for the whole period of fully developed turbulence, (3.42) breaks down.

At early stages after t3D, large errors are associated with existence of remnants of the

several secondary instabilities which facilitated transition to turbulence, and thus lead

to a large influence of anisotropy and non-stationarity effects. Towards the tails of the

curves in the plot, turbulence is decaying and thus is inherently non-stationary. For the

mid-range period of each curve, non-negligible influence of A and Sh3D contributes to

errors comparable to the total dissipation rate. Figure (3.23) also illustrates that the

length of the turbulent phase of flow diminishes with increase of the Richardson num-

ber as was previously pointed out in the discussion of figure 3.20. Thus, figure (3.23)

demonstrates breakdown of the assumptions of ‘S’ and ‘I’ in the fully developed turbulent



Chapter 3. Transition and Mixing of a stratified free shear layer 120

phase of flow evolution. Noting that the balance (3.42) is not even applicable to peri-

ods prior to t3D, and that the pre-turbulent phase makes a non-negligible contribution

to the time-averaged net buoyancy flux, our analysis shows that application of (3.1) to

the estimation of an effective turbulent diffusivity in stratified shear layers is erroneous

and should be entirely avoided. Furthermore, based on the above discussion, it is clear

that the definition of the flux Richardson number given in (3.39) (which is commonly

employed in the oceanographic community), is not an accurate measure of the mixing

efficiency and can deviate from the more accurate definition given by (3.29) significantly.

This deviation at Richardson numbers which are only slightly below the critical value

exists both because the turbulent flux does not account for the total buoyancy flux and

the buoyancy flux is not precisely equivalent to diapycnal mixing due to the existence of

stirring at scales larger than the turbulent structures.
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Figure 3.23: (R3D −H3D −D3D)/D plotted versus time for the fully developed turbulent
phase of flow (t > t3D) as a measure of error associated with balance (3.42) due to Osborn
(1980).



Chapter 3. Transition and Mixing of a stratified free shear layer 121

3.5 Length scales of turbulence and parameteriza-

tion of mixing

As discussed earlier, the fundamental assumption behind the most commonly employed

κ parameterization, i.e. equation (1.1), is that the turbulent shear production is the sole

turbulence source and that ∼ 20% of the energy it provides goes to a net effective vertical

buoyancy flux. As reviewed in Bouffard & Boegman (2013), however, such conditions

are often not satisfied in the field, often leading to gross under or over estimation of the

effective flux (Barry et al. (2001),Ivey et al. (2008a)), consistent with our findings in the

previous sections.

To overcome the complications involved with employing the highly variable mixing

efficiency in parameterization of mixing, two approaches have been attempted in recent

years: (a) parameterization of mixing efficiency itself and (b) devising of a κ parameter-

ization independent of mixing efficiency. Ivey & Imberger (1991) and Imberger & Ivey

(1991) employed a combination of laboratory data, lake observations, and scaling argu-

ments to characterize the mixing efficiency by three turbulent length scales, namely the

Ozmidov scale, the Kolmogorov scale and the Corrsin scale. Ozmidov scale, defined as

Lo = (ǫ/N3)1/2, represents the scale above which turbulent eddies are suppressed due to

the influence of stratification. The Kolmogorov scale, defined as LK = (ν3/ǫ)1/4, repre-

sents the scale below which the smallest eddies in the momentum field dissipate. The

Corrsin scale, defined as LC = (ǫ/S3)1/2 (where S = dŪ/dz is the background shear),

represents the scale above which eddies are deformed by shear. These length scales may

be combined to define a turbulent Froude number as FrT = (LO/LC)
2/3 and a turbu-

lent Reynolds number as ReT = (LC/LK)
4/3. The buoyancy Reynolds number, which

was defined in the Section 1.1, can also be defined in terms of the Ozmidov and Kol-

mogorov scales in form of Reb = ǫ/(N2) = (LO/LK)
4/3 , which is the ratio between the

destabilizing effect of turbulence to the combined stabilizing influence of stratification
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and viscosity. FrT , ReT and Reb have been extensively employed in the literature to

quantify the properties of stratified turbulence observed in the laboratory experiments,

observational results, and numerical simulations. As we discussed in Section 1.1, it has

been suggested that as Reb tends towards high values, the flow becomes isotropic. But

how high the Reb needs to be for this to occur depends on the background stratification

(Gargett et al. (1984), Bluteau et al. (2011),Bouffard & Boegman (2013)). If Reb is suf-

ficiently small, on the other hand, buoyancy and viscosity can suppress turbulence. It

was suggested by Ivey & Imberger (1991) (based on empirical grounds) that Reb = 15

represents this lower bound and a value between 15 and 25 seems to be agreed upon

in the literature. Shih et al. (2005) employed a series of direct numerical simulations of

a homogeneous sheared stratified flow and showed that Reb is a proper parameter for

parametrization of κ over the geophysically relevant range, in agreement with earlier and

later works including Ivey et al. (2000), Barry et al. (2001), Jackson & Rehmann (2003)

and Bouffard & Boegman (2013). Therefore, there seems to be an agreement between a

number of recent observational, numerical and experimental works on the appropriateness

of a mixing parameterization of the form

κ = CRenb . (3.43)

Most importantly, Shih et al. (2005) identified three mixing regimes, namely a Molecular

regime (for Reb < 7), an intermediate regime (for 7 < Reb < 100), and an Energetic

regime (for Reb > 100). They results showed great agreement between the Osborn

(1980) model and numerical estimates of diffusivity only in the Intermediate regime

(with E = 0.17). In the energetic regime, they found the Osborn model underestimating

the flux. It is important to note that the Osborn formula is equivalent to (3.43) provided

that n = 1 and the constant of proportionality is a factor of a constant mixing efficiency.

It is our goal in the remainder of this section to analyze the results of the numer-
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ical experiments described in the previous two sections of this chapter by evaluating

the capability of relation (3.43) in quantifying effective diffusion of density as well as

the efficiency of mixing (noting that Reb has also been used for parameterization of E ;

Ivey & Imberger (1991), Lozovatsky & Fernando (2012), Bouffard & Boegman (2013)).

At the final subsection of this section we will compare the range of buoyancy Reynolds

numbers obtained in our simulations with those relevant to oceanic environments and

laboratory experiments. To facilitate such a comparison, we note that based on the

above-mentioned definitions of the scales of turbulence and non-dimensional numbers,

we can write

Reb =
ReT
Fr2T

. (3.44)

We will employ this relation to compare our range of buoyancy Reynolds number to the

reported ranges of turbulent Froude and Reynolds numbers. Below, we divide our numer-

ical experiments into three categories which (I) investigate the influence of Richardson

number at the fixed background Reynolds number (Re0) of 6000, (II) investigate the

influence of Re0 at Ri0 = 0.12, and (III) investigate the influence of Re0 at Ri0 = 0.04.

We note that Re0 and Ri0 represent the initial value of the background Reynolds and

Richardson number, but that both of these parameters change over time (Smyth & Moum

(2000)). Therefore, in calculation of the above-mentioned scales of turbulence, we cal-

culate the background stratification (N) over time by proper averaging of the flow field.

Furthermore, since averaging for ǫ will need to be performed over a the “turbulent” re-

gion of the flow, and since it is in general difficult to define the boundary of turbulence

(in numerical, experimental or observational setups), we follow an approach similar to

Smyth & Moum (2000) and limit our averaging domain in the vertical to −2h < z < 2h

where z = 0 represents the middle of the shear layer and as before, h is half the thickness

of the original shear layer.
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Influence of Ri at Re0 = 6000

Figure 3.24 shows plots of various quantities of our interest versus the buoyancy Reynolds

number. As was discussed in Section 3.4, at high Richardson numbers, the contribution

of the turbulent flux to total buoyancy flux is primarily negative. The top left panel of the

figure shows that this negative contribution is highest at early stages of turbulent phase of

the flow (blue) and decays (in magnitude) to zero or small positive values as turbulence

decays (dots become red). The effective diffusivity calculated based on the total flux

(top right panel), which includes the combined contribution of the turbulent flux and the

flux due to larger coherent structures available in the flow (as was discussed at length

in Section 3.4), on the other hand, compares somewhat in agreement with the Osborn

formula, with the agreement improving once an enhanced value of mixing efficiency of

E ≈ 1/3 is employed based on our discussions in Section 3.2. Nevertheless, equation (1.1)

(or 3.43 with n = 1) under-predicts the effective diffusivity by a factor of C < 5. The

first three panels in the figure illustrate that Reb is largest at the onset of turbulence

when numerous coherent structures exist in the flow (due to emergence of the ‘zoo’ of

secondary instabilities), but while viscous dissipation has not yet raised to a peak during

the most turbulent phase of the flow when all such coherent structures have broken down.

With evolution of flow beyond the onset of turbulence, ǫ grows dramatically, leading to

a sharp decrease in the efficiency of mixing. This is clearly shown in lower left panel

of the figure, which shows E ∼ 0.5 at the onset of turbulence, dropping by an order of

magnitude by the time turbulence decays. For all the cases in the lower left panel, the

mixing efficiency averaged over the lifecyle is close to 1/3, as was shown in Section 3.4.

Influence of Re at Ri0 = 0.12

Figure 3.25 provides plots similar to Figure 3.24 but for various Reynolds numbers at

Ri0 = 0.12. Overall, the behaviour of turbulent flux, total flux, and efficiency of mixing
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is the same. This is primarily due to the fact that the time-averaged efficiency of mixing

tends to 1/3 as Re0 increases beyond ∼ 2000, as was previously shown in Figure 3.16.

Therefore, the largest deviations (from the patterns of Figure 3.24) in Figure 3.25 are due

to small Re0 cases in which upscale cascade (albeit in its weak form, as discussed in Sec-
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Figure 3.24: Top left: Effective turbulent diffusivity associated with the flux due to
turbulent perturbations in the vertical (i.e. < ρw′ >); Top right: Effective diffusivity
calculated based on the total density flux (i.e. < ρw >); Bottom left: mixing efficiency;
Bottom right: plot of Reb versus ReT/Fr

2
T , to show the range of relevant non-dinemsional

numbers for cases discussed in this figure. The lines in the top right panel show the
prediction of the Osborn formula (1.1) with E = 0.2 (black line) and with =1/3 (red
line). Symbol types in all panels are the same as in the legend of the last panel. Each
symbol for each case represents a timestep in flow evolution of the corresponding case.
The period of flow evolution for each case begins at the onset of turbulence in dark blue
(which as before is defined at the time at which the turbulent kinetic energy saturates)
to the final stage of decay of turbulent shown in dark red.
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tion 3.2) still plays an important role in the underlying dynamics. Based on Figures 3.24

and 3.25, we conclude that once the Richardson number is above a certain value (∼ 0.12

in our cases), and provided that the initial background Reynolds number is sufficiently

high, time-averaged mixing efficiency is close to 1/3 and the Osborn formula captures the

trend of variation of diffusivity with changes in the background flow parameters correctly,

while it under-predicts the effective flux by a factor of few.

Influence of Re at Ri0 = 0.04

Figure 3.26 shows cases at various Re0 but for much reduced background Richardson

number of Ri0 = 0.04. At this low value, the destabilizing influence of shear is much
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Figure 3.25: Similar to Figure 3.24 but for different Reynolds numbers all at Ri0 = 0.12.
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stronger compared to the stabilizing influence of stratification, effectively leading to a

significant increase in ǫ/N2. Therefore, the range of buoyancy numbers achieved during

flow evolution in these cases becomes as high as ∼ 1500 (achieved for Re0 = 104 and

Ri0 = 0.04). As we discussed in detail in Section 3.3, in this regime, the flow is rife with

large scale overturns and highly chaotic large vertical motions partly due to the upscale

cascade due to pairing interactions. This leads to significant variations of the mixing

efficiency with time from very large values at the onset of turbulence to near canonical

values of E 0.15−0.2 late in the lifecyle of turbulence. Subsequently, the Osborn relation

fails miserably at predicting both the trend and value of effective diffusivity due to its

direct dependence on mixing efficiency. Furthermore, as discussed earlier, the isotropic

turbulence assumption built into (1.1) fails greatly at low Ri0 values due to existence

of very large anisotropic structures. An important difference between the low-Ri0 cases

with those discussed in the previous two figures is that turbulent perturbations contribute

significantly to the total buoyancy flux. Thus, our results show that at low Richardson

numbers the net buoyancy flux is dominated by nearly isotropic turbulence contribution,

modulated by large scale background overturns, while at large Richardson numbers,

the net flux is dominated by background anisotropic structures which exist at scales

larger than the turbulent perturbations, with the turbulence flux providing a negative

flux contribution. This important change in behaviour from low to high Richardson

number can possibly have important implications for interpretation of micro-structure

measurements. Neither the modulations by large scale overturns at low Ri0 neither the

contribution of the background anisotropic structures at high Ri0 are captured by micro-

structure measurements, leading to very different systematic reading errors. It needs to

be noted that it is often common practice in analyses of the field data to filter out the

readings which indicate negative turbulent buoyancy fluxes. Our results indicate that

this might be a systematic mistake leading to inaccuracies which are hard to quantify.
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Discussion

The results presented in this section clearly show the important control of Re0 and Ri0 in

setting the efficiency of mixing and the effective buoyancy flux. It needs to be noted that

nor the characteristic velocity of the background flow (i.e. Ū included in the definition

of Re0), nor the background shear (i.e. dŪ/dz, which is included in the definition of

Ri0) are explicitly present in parameterization schemes (1.1) or (3.43). Since our results

demonstrate the dependence of both efficiency of mixing and turbulent flux on these basic

parameters, one can expect, based on simple physical grounds, that (1.1) or (3.43) will

not be able to parametrize mixing for all flow regimes. In other words, the Corrsin scale

defined above is missing from the parameterization schemes which are posed in terms of
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Figure 3.26: Similar to Figure 3.24 but for different Reynolds numbers all at Ri0 = 0.04.
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Reb or ReTFr
2
T (and Pr, which since it is assumed to be unity in our work, it is not

discussed herein). Thus, a parameterization in form (3.43) needs to be employed along

with a proportionality factor which is Ri dependant. Such a factor can be interpreted as

a mixing efficiency, however, one needs to note that while (1.1) can be derived directly

from basic governing equations and by making specific and clear assumptions, (3.43) is

merely based on scaling arguments.

To investigate how our results, combined into one figure, compare with the available

parameterization coefficients, in Figure 3.27 we show our effective diffusivity and mixing

efficiency data. The right panel in the figure shows that our cases can be divided into an

intermediate to high Ri0 regime (blue and magenta dots) and a low-Ro0 regime (green

dots). In the latter regime, as was discussed earlier, mixing efficiency varies significantly

over the turbulent phase of the flow. Therefore, parameterizations of form (3.43) are

incapable of estimating the diffusivity correctly as is shown in the left panel of the figure

where no constant C can be easily defined. However, if we dismiss the low-Ri0 cases, the

mixing efficiency data follows a similar trend, all with a time-averaged value of ∼ 1/3. In

this case, the diffusivity seems to be scaling with Re
3/2
b for Reb < 50 and with Re

1/2
b for

larger values of Reb. The former scaling is consistent with the recent scaling proposed

by Bouffard & Boegman (2013) for a regime they refer to as the “buoyancy-controlled

mixing” regime, and the latter is consistent with the scaling of Shih et al. (2005) for the

energetic zone in which 100 < Reb. However, we note that the spread about these scaling

factors are quite large, and that there exists a great Richardson number dependence:

for Ri0 = 0.12 cases the Osborn scaling seems more suitable, and with increase in the

Richardson number, the scaling changes to Re1/2.

The three groups of cases plotted in Figure 3.27 emphasize the important missing

influence of Ri0 not only on coefficient C (or mixing efficiency) in (3.43), but also in the

power of Reb. This is suggestive of incapability of the proposed relations in capturing the

influence of all the relevant parameters for the case of inhomogeneous turbulence induced
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Figure 3.27: Effective diffusivity (left) and mixing efficiency (right) plotted versus the
buoyancy Reynolds number, for all the cases discussed in Figure 3.24 (in blue), in Figure
3.25 (in magenta) and in Figure 3.26 (in green).

by shear instability. The inhomogeneity in our cases imposes vertical scales (associated

with the vertical gradients of the background velocity and density) which were absent in

the homogenous turbulence cases studied in Shih et al. (2005). This is perhaps one major

reason behind the difference between the agreement level of our results with Renb scaling

and those of Shih et al. (2005). We like to point out that the influence of the background

Reynolds number and Richardson number on both the efficiency of mixing and diffusivity

has been subject to various studies over the past few decades (see Wells et al. (2010) and

Lozovatsky & Fernando (2012) for reviews). With respect to parameterization of mixing

in our numerical results, we like to emphasize that all the plots shown in this section

only included the information of the turbulent phase of the flow. It was shown in the

previous two sections that the pre-turbulent phase of the flow can contribute significantly

to the net vertical buoyancy flux, a contribution which cannot even be attempted to be

captured using the parameterizations discussed in this section.

And finally, to compare our numerical results with some of the observational data,

we note that our data spans 103 ≤ Re0 ≤ 104, 10 < Reb < 2× 103, 2 < FrT < 5 (where

FrT ∼ 1/
√
Ri has been used), ReT ∼ O(100) and 0.04 ≤ Ri0 ≤ 0.2. We note that
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we define Ri0 based on its value at the inflection point of the initial shear layers from

which our simulations start. A bulk Richardson number defined based on the scales of the

background flow during flow evolution can be much larger than this value, therefore, care

needs to be taken in direct comparisons of our Ri0 with the crude estimates often made in

observations which are restricted by the vertical resolution of measurement of the back-

ground shear. Our range of data falls well within the range of data reported for measure-

ments in lakes [Imberger & Ivey (1991):O(10) < ReT < O(104), O(1) < FrT < O(10);

Bouffard & Boegman (2013): O(10) < Reb < O(104)], in the surface mixed layer, ther-

mocline, and below thermocline region in the ocean [Dunckley et al. (2012):O(102) <

ReT < O(104), 0.1 < FrT < 5; Smyth et al. (2001b): O(10) < Reb < O(104)] and in deep

ocean over sloped topography [van Haren & Gostiaux (2012): O(102) < Reb < O(104)].

In terms of comparisons of our estimates of effective diffusivity with those from the obser-

vations, our results lie in the range O(10−6) m2/s < κ < O(10−4) m2/s for 0.12 ≤ Ri0,

and in the range O(10−4) m2/s < κ < O(10−2) m2/s for Ri0 = 0.04 cases. The former

range is consistent with the more strongly stratified upper ocean diffusivity values (in

the thermocline region) and the latter range is consistent with weakly stratified abyssal

ocean. More specifically, we note that our estimates at Ri0 = 0.04 for Reb > 103 matches

almost perfectly (both in terms of κ as well as the Reb range) the estimates provided by

van Haren & Gostiaux (2012) for turbulent mixing due to KH wave trains over sloped

bottom ocean topography (see Figure 1.2). The consistency between the variations in

our estimates of κ with Ri with observation-based estimates at various ocean depths is

perhaps suggestive of the appropriateness of the choice of shear instabilities for studying

shear-induced small scale mixing processes in the oceans and lakes. Finally, we like to

point out that our numerical results extends the existing body of literature on numerical

modelling of shear instabilities by almost an order of magnitude in Re0 and by an order of

magnitude in Reb. In the ocean, background Reynolds numbers lie in the range of tens of

thousands to hundreds of thousands (Smyth et al. (2001b), Geyer et al. (2010)). There-
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fore, our simulations (with the highest Re0 of 104) indicate that computational powers

have grown to the limits which can reproduce the parameter ranges which characterize

the natural flows. We like to finish by pointing out that laboratory experiments are often

incapable of reaching Re0 values as high as we have been able to achieve in our simu-

lations. While such experiments can reproduce buoyancy Reynolds number over a wide

range, our results have clearly shown that Reb is not an adequate measure of comparing

mixing scenarios in laboratory and numerical experiments with those in nature. Thus, we

foresee a challenge on the empirical relations obtained based on laboratory experiments

as computational powers grow further, enabling achieving higher Re0 values.

3.6 Concluding remarks

In this chapter we studied the influence of Re and Ri0 on the mechanisms responsible

for the turbulence transition and related mixing in free shear layers using high resolution

numerical simulations. The range of Re values considered was high compared to those

which have previously been employed in the existing body of numerical studies and this

has enabled us to establish a much closer connection to geophysical shear layers.

The theoretical predictions of chapter 2 regarding the type and characteristics of sec-

ondary instabilities which are expected to grow on a KH billow were verified using high

resolution numerical simulations. It was shown that most mechanisms responsible for

turbulent collapse of the shear layer at sufficiently high Re are highly three-dimensional.

Therefore, any implications of the results of 2D numerical experiments (which are preva-

lent in the literature) for mixing in shear flows should be regarded with scepticism.

Specifically, it has been shown that three-dimensional instabilities such as the secondary

convective instability of the core and stagnation point instability of the braid both play

a critical role in turbulence collapse of the mixing layer with the former playing the

dominant role. It was also shown that braid instabilities such as the secondary shear
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instability may also excite the onset of several additional instabilities (such as SCI, or

Rayleigh-Taylor instability) inside the cores. In fact, it was predicted in chapter 2 and

verified in this chapter that the vorticity layers inside the core can become shear unstable

themselves, provided that Re is sufficiently high (at a given Ri0 and Pr ). It is conceiv-

able that for extremely high Reynolds numbers, the initial vorticity layer from which the

KH billow evolves might become secondary shear unstable very early in flow evolution,

leading to rapid homogenization of the cores. Alternatively, it might well be that the

cores become homogenized prior to the development of the braid through a series of sec-

ondary instabilities as was shown for the Re > 4000 cases of this study. Both possibilities

might be contributing to the absence of core structures in the oceanic observations of

KH waves reported in Geyer et al. (2010).

One of the primary points of our focus in this chapter was upon the characteristic

change in the nature of the transition to turbulence that occurs from low Reynolds num-

bers (associated with laboratory experiments and the existing body of numerical studies)

to high Reynolds numbers (associated with geophysical flows). Laboratory and numerical

experiments have established that at relatively low Reynolds numbers, a number of large

scale instabilities (such as 2D or 3D vortex interactions like pairing or formation of vortex

tubes) play key roles in the turbulent collapse of the shear layer, and that secondary core

instability is the dominant mode responsible for introducing small scale 3D perturbations

into the flow field. At high Re, however, a large number of secondary instabilities, the

number of which increases with Re, emerge on the background primary KH instability.

The growth rate of these instabilities increases and their time of formation becomes ear-

lier with increase in Re. It was shown that at sufficiently high Re, primary vortex cores

break down to turbulence very rapidly upon formation through emergence of a number

of small scale secondary instabilities and, the inverse cascade through vortex merging in-

stabilities is also thereby suppressed. This is summarized in Figure 3.28 which illustrates

a two-stage suppression of the inverse cascade with increase in Re. Although the sup-
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Figure 3.28: Maximum Power Spectral Density (PSD) for the pairing instability for
various Reynolds numbers all at Ri0 = 0.12. The circles correspond to the peaks of the
curves in Figure 3.13(b).

pressing influence of stratification on vortex pairing has been long known, the analyses

reported here are believed to be the first to demonstrate that the turbulent collapse of

the billow itself has a similarly inhibiting influence on the upscale cascade of energy as

the Reynolds number increases. This has implications for the relevance of the body of

literature on vortex merging instabilities for geophysical flows. This view also appears to

be consistent with lack of observations of vortex mergers in observed KH wave trains in

geophysical environments (Geyer et al. (2010), van Haren & Gostiaux (2010),Luce et al.

(2010), Fukao et al. (2011)).

We have demonstrated herein that the “route to turbulence” matters insofar as several

important characteristics of shear turbulence (such as the efficiency of diapycnal mixing

and the related effective diffusivity) are concerned. It was shown that the number of

secondary instabilities which grow on a background primary shear instability, and their

order of appearance have significant implications for flow characteristics such as the

onset of transition, the extent to which the flow is isotropic and the extent to which
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the turbulent phase is stationary. These analyses have established that the breakdown

of certain assumptions built into commonly employed correlations used to infer eddy

diffusivities can lead to significant errors. More specifically, we examined relation (1.1)

as an example of a commonly employed relationship and showed that its predictions for

effective diffusivity are in acceptable agreement with those calculated accurately from

numerical simulation only in the fully developed turbulent phase and only at relatively

low Richardson numbers.

Even though our analyses show that the efficiency of mixing can differ significantly

(by more than 200%) over the range of parameters considered herein, it seems that

the dissipation rate partially adjusts itself in such a way that the affect of variations in

efficiency is not as significant on the calculated diffusivities. Therefore, our analyses show

that a mean value of E ∼ 1/3 along with relation (1.1) should provide acceptably high

quality predictions of time-averaged effective diffusivity for sufficiently high Reynolds

numbers, provided that the proper time history of dissipation rate is employed in the

relation. Since this is not feasible in the context of large scale oceanographic modelling,

estimates of shear-based effective diffusion of buoyancy made from observations will suffer

not only for the reasons explained above, but also from the lack of correlation between

the rate of energy dissipation and the efficiency of mixing in the available parametrization

schemes. The value of 1/3 suggested herein agrees surprisingly well with the predictions

of Caulfield et al. (2004) for an upper bound on the efficiency at high Reynolds numbers.

This is shown in Figure 3.29(right). Also shown in the figure is a comparison between the

corresponding turbulent buoyancy fluxes. The study of Caulfield et al. (2004) considered

plane Couette flows as basis for calculation of the upper bound, and the methodology

used therein makes it hard to assess the role of walls on the mixing process. If it could

be shown that the role of walls were negligible, then Figure 3.29 can be taken to suggest

that the high-Re KH billows discussed herein mix as efficiently as possible. It will be

of interest to investigate whether this is a characteristic of KH waves in particular, or
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Figure 3.29: Comparison of the time-averaged (over the turbulent phase of the flows)
buoyancy flux (left) and mixing efficiency (right) values obtained from the numerical
experiments discussed in this work and theoretical predictions of Caulfield et al. (2004)
for upper bounds on the two parameters as a function of the Reynolds number.

whether other primary shear instabilities may mix as efficiently. Moreover, it will be

important to study not just one, but multi lifecyles of instability of shear layers to obtain

a mixing efficiency averaged over a sufficiently long period to enable a direct comparison

to estimates of efficiency and diffusivity based on observations. Therefore, until further

studies are performed, this study together with that of Caulfield et al. (2004) add to the

growing body of evidence which shows that the often employed universal value of 0.2 for

E needs to be revised.

Finally, we will summarize the work reported herein with five concluding remarks.

First, the route to turbulence can be an important factor in the determination of turbu-

lence properties. Although this might not be encouraging insofar as turbulence parametriza-

tion is concerned, it cannot be ignored. Second, the assumption that turbulence efficiency

may be well approximated by the value E = 0.2 is suspect based upon the evidence pro-

vided herein. Furthermore, there is no reason to believe that the globally averaged value

for E may be approximated as 0.2 either and this can be an important source of error

in estimates of ocean energy budgets. Proper parametrization of the efficiency of mixing

based on background flow parameters such as the stratification level, shear and strain will

improve estimates of mixing properties greatly both at small scale and on the global scale.
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Third, the analyses presented in this chapter demonstrate that there is a characteristic

change in the properties of shear-induced turbulence as the Reynolds number increases

from the low values characteristic of laboratory experiments to the much higher Reynolds

numbers associated with geophysical flows. This is due primarily to the suppression of

the inverse cascade of energy with increase in Reynolds number because of the emergence

of small scale structures which only exist at sufficiently high Reynolds numbers. Fourth,

this work demonstrates that the combined influence of Reynolds and Richardson number

on stratified shear turbulence is complex due to the influence of each of these parameters

on the route to turbulence through their influence upon the types and number of sec-

ondary and higher order instabilities which grow on the primary shear instability. Thus,

any parametrization of shear mixing should be inclusive of all the primitive parameters

involved in the definitions of Re, Pr and Ri0 . Finally, we point out that the general

conclusions of this work are expected not to be unique to the particular framework on

which our analyses are based nor to the specific choice of shear instability which we study.

According to our simulations, once the mixing layer becomes unstable, it becomes rife

with many different instabilities and wave breaking events. Therefore, the KH billows

examined in this work merely provides a pathway to turbulence and can themselves be

considered as sub-structures within larger dynamical systems, just as much smaller KH

billows grow on the braid of our primary KH billows. Studies on internal wave breaking

often also lead to results suggestive of great variations in mixing properties with changes

in the background flow parameters. We believe that the picture of vigorous ‘instabili-

ties’, which grow preferentially because of bulk Richardson number of some intermediate

strength, leading to non-monotonic mixing with Ri0, provided that the Reynolds number

of the flow is sufficiently high. Such mixing appears to be inherently transient, with a

finite characteristic relaxation time allowing for regularization of the interfaces which

must inevitably develop.
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3.7 Appendix: Verification of Accuracy of Numeri-

cal Simulations

Figure 3.30 shows a comparison of the left hand side (dashed) and right hand side (solid

black with circles) of equation (3.12) for two of the cases of table 3.1. Note that the two

sides of equation (3.12) are independently calculated from simulation results. The slight

differences at the peaks of the curves is due to the fact that left hand side of equation

is calculated using central difference differentiation of the instantaneous kinetic energy

of the calculation. Thus, the accuracy of the plotted left hand side depends heavily on

the frequency of saving of output files during the simulation. This frequency is limited

by computational resources. During time intervals of large gradients (such as the peaks

in the figure), fewer data points would result in error in calculation of σ3D (and not of

the simulation itself). More frequent saving of output files would improve the agreement

between the curves at their peaks. The figure clearly shows that the the flows are resolved

throughout flow evolution and particularly during the turbulent phase (i.e., beyond the

peaks).

50 100 150 200 250 300 350
−0.05

0

0.05

0.1

0.15

0.2

0.25

0.3 Re=1000, Ri
0
=0.12

t

 

 

50 100 150 200 250 300 350
−0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35
Re=8000, Ri

0
=0.12

t

 

 

Figure 3.30: Comparison of the lefr-hand side (dashed) and right-hand side (solid black
with circles) of (3.12) for two of the cases of table 3.1.



Chapter 4

The role of mixing-induced

turbulent diapycnal diffusivity in the

maintenance of the abyssal

circulation

The material in this chapter represents a summary of the detailed analyses published/submitted

in the following peer reviewed journal articles:

• Mashayek, A., Ferrari, R., Vettoretti, G., & Peltier, W. R. (2013). “The role of

the geothermal heat flux in driving the abyssal ocean circulation.” Geophysical

Research Letters, Vol. 40, 1-6, doi:10.1002/grl.50640, 2013.

• Mashayek, A., Ferrari, & Peltier, W. R. (2013). “Re-establishment of the Munk

scaling for the strength of the abyssal ocean circulation: the influence of enhanced

abyssal diapycnal mixing on abyssal stratification and the ocean overturning circu-

lation,” Submitted to the Journal of Physical Oceanography, July 2013.

• Mashayek, & Peltier, W. R. (2013). “A theoretical solution for stratification and

139
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rate of overturning circulation in the abyssal ocean,” In preparation for the Philo-

sophical Transactions of the Royal Society.

4.1 The influence of bottom enhanced diapycnal mix-

ing on abyssal stratification and Antarctic Bot-

tom water driven component of the Meridional

Overturning Circulation

4.1.1 Introductory remarks

On a global scale and in a zonally-averaged sense, the ocean circulation can be described

in terms of four meridional overturning circulation (MOC) cells. The two shallow cells

are located to the north and south of the equator and are each less than 1 km deep

and are primarily driven by wind forcing. The additional two cells span intermediate

and deep waters and are driven by winds as well as by other physical processes such as

mixing processes and surface buoyancy fluxes (see Marshall & Speer (2012) for a review).

The oceans are also known to be stably stratified throughout. For such a stratification

to coexist with the overturning cells, oceanic water masses must change in density as

they circulate from shallow depths to the abyss and then re-ascend to the surface (Munk

(1966)). In the two shallow cells, the circulation is guided along surfaces of constant

density and all water mass transformations occur in the surface mixed layer. Recent

analyses (again see Marshall & Speer (2012)) suggest that the same is true for the North

Atlantic Deep Water (NADW) cell: water sinks in the northern hemisphere (at high

latitudes in the Greenland, Iceland and Norwegian (GIN) Seas and the Labrador Sea),

flows along isopycnals all the way to the Southern Ocean where it is pulled upward to the

surface by the action of the southern hemisphere westerlies. The remaining member of
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the four cells, namely the Antarctic Bottom Water (AABW) cell is different from the first

three in that circulation is not primarily isopcynal: rather these waters both sink and

upwell in the Southern Ocean, implying that their densities change in the abyssal ocean.

This points to the importance of diapycnal mixing in the abyss and its primary role

in maintenance of the abyssal circulation (Ito & Marshall (2008); Nikurashin & Vallis

(2011)). It is the connection between such abyssal diapycnal mixing and the closure of

the AABW cell which is the focus of the analyses to be discussed in this chapter.

In the classic view of Munk (1966), it was assumed that uniform diapycnal mixing

throughout the volume of the ocean facilitates upwelling of the deep waters that form at

high latitudes, and thereby play a critical role in maintaining the deep ocean circulation.

In mathematical terms, this can be described by the following balance

Ψbz ∼ ∂z(κbz) = κbzz + κzbz , (4.1)

where Ψ is the overturning stream function in the ocean, κ is the effective diapycnal

diffusivity and b = g(ρ − ρ0)/ρ0 is buoyancy with ρ and ρ0 representing density and

reference density, respectively. This relation simply implies that advection of the abyssal

stratification to the surface is balanced by the divergence of the buoyancy flux in the

abyss due to diapycnal mixing. Over the past several decades, extensive research fo-

cused on quantitative assessment of the Munk (1966) balance has led to two major

deviations from this classical view: first, it has been shown that not all the upwelling

is diapycnal, and that an alternate route for transport of deep waters to the surface is

along sloped isopycnals which outcrop in the Southern Ocean and connect the abyss to

the ocean surface (see Marshall & Speer (2012) and references therein); second, it has

been shown that diapycnal mixing is not as intense as Munk (1966) predicted it to be

throughout the ocean (κ ∼ 10−4m2/s). Rather it has been shown to be enhanced in the

abyssal ocean and rapidly decays upward (Munk & Wunsch (1998a); Wunsch & Ferrari
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(2004); St. Laurent & Simmons (2006)). The enhancement of diapycnal mixing at abyssal

depths is now understood to be caused by the dissipation of the internal tide generated

by the interaction of the barotropic tide with bottom topography (Wunsch & Ferrari

(2004)) or due to interaction of large scale geostrophic flows with bottom topography

(Nikurashin & Ferrari (2010, 2011, 2013)).
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Figure 4.1: Left panel: globally averaged (north of 55o S) diapycnal diffusivity profiles
from Lumpkin & Speer (2007) (referred to by LS07), Decloedt & Luther (2012) (referred
to by RDM) and Nikurashin & Ferrari (2013) (referred to by NF13). The thin line
overlaying each diffusivity profile is an exponential fit using the vertical scale H shown
in the legend; Right panel: globally averaged bz/bzz as the representative of abyssal
stratification scale, h, calculated from the World Ocean Circulation Experiment (WOCE)
data set. Both panels share the same vertical axis.

Numerous observation-based studies have shown that the effective diffusivity de-

creases from enhanced values of order of 10−4 m2/s above the ocean floor to background

values of order of 10−5 m2/s in the upper ocean (Ganachaud (2003); St. Laurent & Simmons

(2006); Lumpkin & Speer (2007); Decloedt & Luther (2012); Nikurashin & Ferrari (2013)).

An important problem, however, arises when one attempts to connect these observations
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to the existing scaling relations for abyssal circulation and stratification, such as those

proposed by Ito & Marshall (2008) and NV11. Although these studies did explicitly con-

sider enhanced mixing in the abyssal ocean, they did not take its sharp vertical decay

into account, effectively ignoring the second term on the right hand side (RHS) of (4.1).

A simple scaling analysis of the two terms on the RHS of (4.1) suggests that in the abyss,

the following balances should hold

κbzz ∼
κb∆b

h2
, κzbz ∼

κb∆b

h H
,

where κb is diffusivity near the ocean floor, H is its vertical decay scale, h is the abyssal

vertical stratification scale, and ∆b can be taken to be the buoyancy difference across

the AABW cell. Therefore, if the abyssal stratification scale is of the same order as the

decay scale of diapycnal mixing (i.e. h ∼ H), then the second term is comparable to the

first and cannot be neglected. To obtain an estimate for the decay scale H , in the left

panel of Figure 4.1 we plot globally-averaged profiles of diapycnal diffusivity from the

inverse method calculations of Lumpkin & Speer (2007), the Roughness Diffusivity Model

(RDM) of Decloedt & Luther (2012), and the estimate of Nikurashin & Ferrari (2013)

which is based on energy conversion from tidal and geostrophic motions into internal

waves. An exponential profile is fitted to each of the diffusivity curves in the figure and

the three fitted profiles together imply that 1000 (m) < H < 1500 (m). To obtain an

estimate for the abyssal stratification scale, we have calculated bz/bzz throughout the

ocean interior by employing the World Ocean Circulation Experiment (WOCE) data set

(Gouretski & Koltermann (2004)), globally averaged the result and plotted it in the right

panel of Figure 4.1. This panel shows that the stratification scale is also in the range

of 1000 (m) < h < 1500 (m) and so is of the same order as the vertical mixing scale.

Therefore, it is expected that the term involving the vertical decay of diffusivity in (4.1)

will play an important role in setting the abyssal circulation. This may alter the currently
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assumed scaling relations in a fundamental way.

In this section, it is our intention to revisit the scaling analysis of Ito & Marshall

(2008) and Nikurashin & Vallis (2011) by taking sharp variations in abyssal mixing into

account. We will show by means of scaling arguments and idealized numerical exper-

iments that the scaling relations most relevant for present day abyssal circulation and

stratification become substantially different from the ones suggested in this earlier work

once the vertical variation of diffusivity is incorporated into the analysis. According to

the revised scaling relations we obtain, the abyssal stratification is found to be primarily

set by the decay scale of abyssal mixing. This finding is in close accord with the classic

view of Munk (1966) but differs significantly from the scaling relations of Ito & Marshall

(2008) and Nikurashin & Vallis (2011) which suggest that the abyssal stratification is set

not only by mixing but also by surface winds. We will also show that the abyssal circula-

tion is driven both by mixing and by eddy transport. A key finding of our analysis is that

both the stratification and the rate of overturning are set by the decay scale of mixing to

leading order, with sensitivity to the actual value of abyssal diapycnal diffusivity being

of secondary importance.

4.1.2 Problem Formulation

We perform our theoretical and numerical analysis within the framework of the model

of Nikurashin & Vallis (2011) (hereafter NV11), the main difference being that we allow

for vertical variation in the diapycnal diffusivity. In this model, ocean dynamics are

considered in a zonally-averaged configuration and the ocean domain consists of two

primary sections: (I) a circumpolar channel which is assumed to be zonally periodic

and which represents the region in the Southern Ocean which is not blocked by lateral

boundaries, and (II) a basin to the north of the channel which represents ocean basins

bounded by the continents. Figure 4.2 shows the result of a sample simulation from a

numerical model similar to that of NV11. In this model, the surface boundary conditions
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Figure 4.2: Deep overturning circulation calculated by employing an idealized simulation
of a zonally averaged Pacific-Ocean-like basin. Arrows show the direction of circula-
tion, dashed lines show the buoyancy iso-surfaces, the underlying contour represents the
AABW circulation, red arrows at the surface represent surface buoyancy fluxes and the
outward arrow-head represents the Southern Ocean westerlies; Bottom: Map of neutral
density at a section of the Pacific Ocean at 150oW from the World Ocean Circulation
Experiment (WOCE). Lb and Lc denote the meridional extents of the channel and the
ocean basin, respectively.

at the northern edge of the domain are such that deep waters do not form in the north,

and so the model is most relevant to those deep isopycnals of the Atlantic and Indo-Pacific

ocean basins which only outcrop in the Southern Ocean. The circulation in Figure 4.2

can be briefly described as: dense waters form at the southern edge of the circumpolar

channel, sink to the deep and move northward along the ocean floor across the channel-

basin boundary and into the ocean basin where they vertically cross isopycnals due to

mixing processes and subsequently find their way back to the Southern Ocean surface

along mid-depth isopycnals in the channel by means of the Ekman transport.

The dynamics of the Southern Ocean channel are considered in the Transformed Eu-

lerian Mean (TEM) (Andrews & McIntyre (1976)) representation. In this framework,

the Southern Ocean circulation consists of an Eulerian mean clockwise component (Ψw)
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which is induced by the surface westerlies and an eddy-induced counter-clockwise circula-

tion (Ψeddy) which represents transport along isopycnals. The sum of the two circulations

is referred to as the residual circulation which we simply refer to by Ψ and which is related

to the meridional and vertical residual (zonal mean plus eddy) velocities through

(v, w) = (−Ψz,Ψy). (4.2)

Following Marshall & Radko (2003), it can be shown that the residual circulation in the

channel takes the form of

Ψ = Ψw +Ψeddy =
τ

|f |ρ0
+Kesb, (4.3)

where f is the Coriolis parameter, τ is the surface wind stress, Ke is the isopycnal eddy

diffusivity, sb = −b̄y/b̄z is the isopycnal slope and b̄ is the zonal-mean buoyancy. The eddy

circulation represents the slumping of isopycnals as a result of baroclinic instabilities and,

following Gent & Mcwilliams (1990), it is assumed to be proportional to the isopycnal

slope with eddy diffusivity Ke as the constant of proportionality. An additional equation

is required to solve for the dynamics in the Southern Ocean channel, namely the following

advection-diffusion equation for buoyancy, zonally averaged around the channel. This

advection-diffusion equation is as follows:

bt + J(Ψ, b̄) = ∂z(κb̄z). (4.4)

The second term on the left hand side (LHS) of (4.4) represents advection of mean

buoyancy by the residual circulation and the right hand side (RHS) represents diapycnal

mixing-induced divergence of the buoyancy flux. A similar advective-diffusive balance

can be written for the ocean basin. Motivated by observations (see Figure 4.2(bottom))

and following NV11, we assume that the isopycnals in the abyssal parts of the basin
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are nearly horizontal. With this assumption, the advective-diffusive balance in the basin

becomes

bt + b̄zΨy = ∂z(κb̄z). (4.5)

The transport in and out of the basin must match the residual transport in and out of the

channel. This condition is sufficient to solve for the circulation in the basin and avoids

the complication of solving for the basin momentum budget. In steady-state, equation

(4.5) can be integrated from the northern boundary of the ocean basin (at which the

circulation vanishes) to the channel-basin interface to give

Ψ = −Lb
∂z(κbz)

bz
= −Lb(κ

bzz
bz

+ κz). (4.6)

This relation will be used in the next section to match the basin circulation at the

channel-basin interface to the circulation in the channel to obtain scaling relations for

abyssal stratification and circulation.

Equations (4.3,4.4,4.5) together with proper boundary and initial conditions describe

the time evolution of the overturning circulation in the channel and in the ocean basin.

The boundary conditions include a no-flow condition across the northern, southern and

bottom boundaries of the domain and prescription of wind stress over the Southern

Ocean. The boundary conditions for buoyancy include a zero-flux condition at the north-

ern, southern and bottom boundaries and a relaxation boundary condition at the ocean

surface. A key departure of this study from NV11 is that we consider sharp vertical

variations of diffusivity in the abyssal ocean. We consider only vertical variations of dif-

fusivity and ignore the lateral variations for two reasons: first, there does not yet exist

an acceptably accurate map of diffusivity in the abyssal ocean and second, inclusion of

lateral variations would render the problem intractable. Our goal is to explore the ef-

fect of vertical variations in κ in an idealized framework. A more realistic effort would

constitute an obvious next step in the analyses to be reported herein.



Chapter 4. Role of abyssal mixing in driving the ocean circulation 148

4.1.3 Scaling Analysis

In this section we present a scaling analysis for abyssal circulation and stratification in

the steady-state limit of the governing equations. To begin, we summarize the governing

equations introduced in the previous section, as follows for the different portions of the

model domain::

Southern Ocean channel (y < Lc):

J(Ψ, b) = ∂z(κbz), (4.7)

Ψ =
τ

|f |ρ +Kesb, (4.8)

Ocean basin (y > Lc):

Ψy =
∂z(κbz)

bz
. (4.9)

Starting from (4.6) for the rate of circulation at the channel-basin interface, we integrate

the equation from bottom of the ocean to the depth z∗ which marks the upper edge of

the AABW cell in the basin to obtain

∫ z∗

0

Ψbz dz = −Lbκbz|z∗, (4.10)

where the buoyancy flux has been assumed to be zero at the ocean floor. Since the ocean

is stably stratified (bz > 0), (4.10) implies that the basin component of circulation in the

lower cell is counterclockwise (negative). The circulation in the ocean basin should match

that of the Southern Ocean channel at their interface. Therefore, the channel component

of AABW circulation as represented by(4.8) is also counterclockwise, implying that

τ

|f |ρ < −Kesb or in other words, |Ψw| < |Ψeddy|, (4.11)
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in the channel. This result implies that the wind driven circulation in the channel cannot

overcome the eddy circulation, and that in the case of enhancement of the Southern

Ocean westerlies, the stratification and isopycnal eddy transport adjust in such a way as

to lead to an effective increase in the eddy circulation to the extent that (4.11) holds. In

general, the increase in eddy circulation as a response to any increase in the wind stress

will be facilitated through a combination of steepening of Southern Ocean isopycnals as

well as a change in the eddy diffusion coefficient. While in the analyses presented herein

we regard Ke as a constant, in subsection 4.1.6 we will explore the influence of changes

in wind stress on the circulation due to changes in abyssal stratification and isopycnal

slopes.

To connect the three primary factors which drive the AABW circulation, namely the

wind and eddy circulations in the Southern Ocean and the abyssal mixing in the ocean

basin, we set the circulation in the channel represented by (4.8) equal to that of the basin

represented by (4.6) at the channel-basin interface (y = Lc). This leads to:

Wc

[

τ

|f |ρ −Ke
by
bz

]

= −LbWb

[

κ
bzz
bz

+ κz

]

, (4.12)

where Wc represents the zonal width of the channel (approximately equal to the cir-

cumference of the 55o S latitude circle) and Wb represents the cumulative zonal width

of the ocean basins into which the lower branch of circulation flows from the Southern

Ocean. By introducing h and H as characteristic vertical length scales for stratification

and diapycnal mixing, l as the scale of meridional stratification in the channel, κb as

characteristic value for abyssal diffusivity, and |f0|, τ0 and ρ0 as characteristic scales for

the Coriolis frequency, wind stress and density, equation (4.12) gives the following scaling

balance:

τ0
|f0|ρ0

− Keh

l
∼ −LbWb

Wc
κb

(

1

h
− 1

H

)

. (4.13)

Substitution of typical values (τ0 ∼ 0.1 Nm−2, |f0| ∼ 10−4 s−1, ρ0 ∼ 103 m) in the
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first term on the LHS yields τ0/(|f0|ρ0) ∼ 1. Substitution of values typical of the upper

branch of the circulation for eddy circulation (Ke ∼ 1000 m2s−1, h ∼ 1000 m and

l ∼ Lc ∼ 103 km; as in NV11) the second term on the RHS gives Keh/l ∼ 1 as well.

However, isopycnal slope h/l is expected to be larger in the abyss than that in the upper

branch due to the steepening effect of enhanced abyssal mixing. This, along with the

diminishing influence of winds in the abyss, implies that it is likely that the second term

on the LHS of (4.13) would dominate the first, reducing the balance to

− Keh

l
∼ −Gκb

(

H

h
− 1

)

, (4.14)

where G =
LbWb

HWc

.

G is a geometric parameter depending on the width and length of basins as well as the

height of the topography (which correlates well with the mixing scale; see Nikurashin & Ferrari

(2013)). From Figure 4.1 we know that h is of the same order of H and we also know

based on the discussion of (4.10) that H/h > 1. We further note that an increase in

abyssal mixing leads to destratification of abyssal waters and an effective increase in h.

However, h is capped by the mixing scale H and so it is expected that in the limit of

increasingly large diapycnal diffusivity (i.e., κ→ ∞), h→ H . Therefore, we can write:

hκ(z) ∼ H, (4.15)

which means that abyssal stratification (h) is set by the mixing scale (H) once a vertically-

variable κ (hence the subscript κ(z)) is considered. From the LHS of (4.13) we get:

|Ψ|κ(z) ∼
KeH

l
, (4.16)

in the limit of large κ. The subscript ‘κ(z)’ implies that these relations have been obtained

by considering a decaying diffusivity profile. These predictions will be examined in the
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next section by exploring the (κ−H) parameter space by means of numerical simulations.

At this stage we can recap two primary assumptions made in obtaining the balance

(4.15) and the subsequent scaling relations for the abyssal ocean: (a) the eddy circulation

dominates wind effects in the abyss (and thus KeH/l ≫ τ0/|f0|ρ0) and (b) the smaller

term on the RHS of (4.13), (i.e. the second term), is much larger than the wind-induced

term in the balance (and thus Gκb ≫ τ0/|f0|ρ0). The two conditions together impose the

following restriction on H :

τ0
Ke|f0|ρ0

≪ H

l
≪ κb

Lb

l

Wb

Wc

|f0|ρ0
τ0

. (4.17)

Therefore, relations (4.15,4.16) only hold for an intermediate range of H in which strat-

ification is primarily set by mixing and the circulation is controlled by both enhanced

abyssal mixing and eddy transport. For smaller H values (of order of a few hundred

meters and smaller), the region of enhanced mixing above the ocean floor is not deep

enough to help in inducing an abyssal circulation which is primarily mixing driven and

the effect of winds remains of leading importance. For larger values of H , however, the

vertical variations of abyssal mixing become small and negligible. In the limit of H → ∞,

(4.13) reduces to

− Keh

l
∼ −LbWb

hWc
κb, (4.18)

and one recovers the balance proposed by Ito & Marshall (2008) and NV11. This balance

can be recovered by solving for h in (4.18) and substituting it in the LHS of (4.13) to

solve for Ψ:

hκ=const ∼
√

Wb

Wc

Lblκ

Ke
, |Ψ|κ=const ∼

√

Wb

Wc

Lb

l
κKe, (4.19)

where the subscript ‘κ = const’ implies that these relations were obtained by assuming

an enhanced but constant diffusivity. These relations are fundamentally different from
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(4.15,4.16) in that they suggest that both stratification and circulation depend on diapy-

cnal diffusivity in the abyss. (4.15,4.16) on the other hand suggest that, provided mixing

is enhanced in the abyss (i.e. at least an order of magnitude larger than the pelagic value

of κ = 10−5 m2s−1), both stratification and the strength of the circulation are set (to

first order) by the decay scale of effective diffusivity and not by its value. Based on the

typical mixing scale estimates presented in Figure 4.1, we expect (4.15,4.16) to be more

relevant to the oceans and expect to recover (4.19) as H → ∞. This will also be verified

in the next section.

We conclude this subsection by adding a caveat to equation (4.10) and the corre-

sponding discussion. In (4.10), the buoyancy flux at the base of the ocean was set to

zero. In the real ocean however, there is an upward buoyancy flux at the ocean floor

due to geothermal heat flux from the Earth’s lithosphere. It will be shown in the next

section that the influence of the geothermal basal flux on the abyssal circulation and

stratification is non-negligible; however, since its introduction into our analyses would

not change any of the main conclusions, it was not included here. Since inclusion of the

basal flux in (4.10) would lead to a net negative contribution to the RHS, it would imply

that, in a speculative limit in which abyssal circulation becomes small or tends to zero

(due to changes in one or more of the driving parameters such as winds, buoyancy fluxes

etc.), the geothermal flux will assist in maintaining a small counterclockwise circulation.

4.1.4 Numerical methodology

To investigate the predictions of the scaling arguments provided in the previous subsec-

tion, we will proceed to employ a series of idealized numerical simulations based upon the

zonally averaged model previously discussed. Equations (4.3,4.4,4.5) can be integrated

in time to solve for the evolution of the buoyancy field and circulation. We perform the

integration by ensuring that both the buoyancy and the overturning streamfunction in

the channel and in the basin match at their interface which is located at y = Lc. For
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Figure 4.3: The stratification scale normalized by scaling relation (4.15) (in left) and the
rate of overturning circulation normalized by scaling relation (4.16) (in right) plotted
versus the abyssal diffusivity κb for various values of mixing decay scale H . The filled
marker corresponds to the point considered to be most relevant to present-day oceans.

all the cases to be discussed hereafter, the equations will be integrated in time until the

flow reaches a steady-state solution so then the results of simulations will be suitable for

comparison with predictions of the scaling analyses presented in the previous section.

The surface profile to which we relax the surface buoyancy (with a relaxation time of

about one month) is similar to that of NV11 and is of the idealized form:

b0(y) = δb (y/Lc)
2, (4.20)

which mimics the observed zonal mean surface buoyancy and where δb is buoyancy change

across the channel and is set to 0.02 ms−2. For practical reasons, and only in the

numerical simulations conducted for the purpose of verification of the scaling analyses,

we employ a simple profile for the diapycnal diffusion coefficient κ of the form

κ(z) = κt + (κb − κt)e
−(z+D)/H , (4.21)
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where κt is the upper ocean (background) diffusivity and D is the ocean depth. We

employ the method of Ferrari et al. (2010) to parametrize mesoscale eddies in our sim-

ulations. This method poses the parameterization as a boundary-value problem over

each water column and allows for regularization of the solution in weakly stratified re-

gions where ∂z b̄ ≈ 0. The eddy diffusivity, Ke, is assumed to be constant and equal to

1000 m2s−1 throughout this study. We acknowledge, however, that investigation of the

spatial and temporal variability of eddy diffusivity is a topic of active research. And fi-

nally, we consider a uniform wind distribution over the channel for simplicity and without

loss of generality.

In what follows we will investigate the influence of variations in mixing scale, abyssal

diffusivity and surface wind stress on abyssal stratification and rate of overturning cir-

culation. We take H = 1000 m, κb = 10−4 m2s−1 and τ = 0.2 N/m2 as representative

values for the present day ocean. In the plots to follow, results for simulations correspond-

ing to this specific choice of parameters will be highlighted (by filled symbols) to help

in assessing the relevance of the previously discussed scaling relations to the present-day

oceans.

4.1.5 Verification of the scaling relations

Figure 4.3 shows plots of stratification and rate of circulation as a function of abyssal dif-

fusivity calculated for various mixing decay scales. Both quantities have been normalized

by the corresponding scaling proposed in (4.15) and (4.16). The left panel shows that over

a wide range of mixing scales, h/H ∼ O(1) with only a very slight increase with κb over a

relatively wide range of κb, in agreement with (4.15). Moreover, the left panel shows that,

in accordance with (4.17), the agreement deteriorates as mixing scale increases to large

values. The right panel of the figure shows that within the range of mixing scales relevant

to the present-day oceans, the rate of circulation also scales according to (4.16). The de-

pendance of normalized circulation on κb is, however, more pronounced than that of the
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Figure 4.4: Same as Figure 4.3 but stratification and rate of overturning circulation have
been normalized by scaling relations in 4.19, originally due to NV11.

normalized stratification. This is due to the fact that the assumption of |Ψeddy/Ψw| ≫ 1

built into (4.16) is more valid at large diffusivities and so the dependence on diffusivity

decreases with increase in κb. Nevertheless, for 10−4 m2s−1 < κb < 10−3 m2s−1 and

1000 m < H < 1500 m, there is excellent agreement between the simulation results and

the scaling relation (4.16).

To investigate the applicability of the scaling relations proposed in earlier work based

on the assumption of constant diffusivity, Figure 4.4 presents plots similar to Figure

4.3 with the difference that normalizations have been made according to the scaling

relations in (4.19). According to the plots, agreement between simulation results and

(4.19) is poor and only improves as mixing scale increases to large values (H > 2000 m)

effectively recovering the constant κ limit. More importantly, the agreement with (4.19)

is poor for ranges of diffusivity and mixing scales believed to be most relevant to the

present-day oceans. Therefore, Figures 4.3 and 4.4 together confirm the predictions of

the scaling arguments in that inclusion of the vertical variations in abyssal mixing leads

to a fundamental change in the scaling relations relevant to the real oceans. To further

investigate the agreement between the simulation results and (4.15) and (4.16), in Figure
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Figure 4.5: The stratification scale normalized by scaling relation 4.15 (left) and the rate
of overturning circulation normalized by scaling relation 4.16 (right) plotted versus the
mixing decay scale H for various values of abyssal diffusivity κb.

4.5 we plot the normalized stratification and rate of circulation versus the mixing scale H

for various values of diapycnal diffusivity. The left panel shows (once more) that abyssal

stratification is set by the mixing decay scale over a broad range of H . The right panel

shows that Ψ/(KeH/l) ∼ O(1) in the range of diffusivities associated with the abyssal

ocean and over a wide range of H .

4.1.6 Sensitivity to wind strength

Due to possibly important implications for changes in ocean circulation in connection with

changes in the climate system, it is also of interest to investigate the variations in abyssal

stratification and circulation with changes in the strength of the westerlies over the

Southern Ocean. Figure 4.6 shows results of simulations for four cases which are identical

except for the surface wind stress which changes from a weak value of τ = 0.05 Nm−2

to a strong wind limit of τ = 0.4 Nm−2. It is well known that the isopycnal slopes

in the upper Southern Ocean are primarily set by a balance between the steepening

influence of winds and the slumping influence of meso-scale eddies (Marshall & Radko



Chapter 4. Role of abyssal mixing in driving the ocean circulation 157

(2003, 2006); Wolfe & Cessi (2010), NV11). More precisely, in this limit the wind and

eddy circulation terms on the LHS of (4.13) balance to leading order yielding a very small

residual circulation. This circulation matches that in the basin which is also small due to

small upper ocean diapycnal diffusivity. In this limit, isopycnal slopes can be determined

by balancing the terms on the LHS of (4.13) leading to

sb ∼
τ

|f |ρ
1

Ke

. (4.22)

This limit was referred to as the ‘adiabatic’ limit in NV11 implying the insignificant role

of mixing in the upper ocean. In the mixing-dominated abyssal ocean, however, isopycnal

slopes are expected to be larger due to enhanced abyssal mixing and according to (4.15)

can be expressed by

|sb| ∼ G κb
Ke

(

H

h
− 1

)

. (4.23)

The change from slope (4.22) in the upper ocean to (4.23) in the abyss can be clearly

observed in all (specially the top three) cases in Figure (4.6) by noting the transition

from parallel straight isopycnals in the upper ocean to the curved isopycnals in the abyss,

the slopes of which increase with depth due to increase in mixing intensity. Note that

the flat nature of the upper ocean isopycnals is a consequence of our having imposed

uniform winds over the channel while their parallelism is due to the very small value

of the diapycnal mixing in the upper ocean below the mixed layer (Marshall & Radko

(2003)). One can expect that with an increase in wind stress, the influence of wind

circulation would penetrate deeper into the ocean, extending the range of applicability

of (4.22) to deeper regions. Thus, with increase in τ , slopes of isopycnals which connect

the surface of the Ocean to the AABW cell decrease in the abyss and are increasingly

set by the growing influence of winds. According to (4.23), this decrease in slope can

only be accommodated by a decrease in the terms within parentheses on the RHS of

(4.13) (assuming that κ and Ke remain constant). Keeping in mind that H/h > 1, this
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implies that with increase in wind strength, h → H and thereby |Ψ| → KeH/l. The

former prediction is shown to be the case in Figure 4.7(left) while the latter is shown in

Figure 4.7(right). It is also important to note that the increase in wind stress leads to the

extension of the near-adiabatic circulation in the upper ocean (in which |Ψeddy/Ψw| ∼ 1)

into deeper regions, leading to weakening of abyssal circulation. This is also consistent

with the numerical results plotted in the right panel of Figure 4.7 as well as by comparing

the various panels in Figure 4.6. Finally, Figure 4.6 shows that not only is the rate of

circulation of the AABW cell sensitive to surface winds, but so is its volume. This might

have important implications for past and present climate change scenarios influenced by

dramatic changes in ocean circulation.

4.1.7 Concluding remarks

In summary, this section has been devoted to an investigation of the influence of a sharp

vertical variation in abyssal diapycnal mixing on abyssal stratification and the strength

of the overturning circulation. We have demonstrated that the sharp vertical decay of

mixing substantially changes the scaling relations that have previously been proposed for

stratification and circulation strength based on the assumption of a large, but constant,

abyssal diffusivity. Our main result is that the abyssal stratification is set by the decay

scale of enhanced abyssal mixing, which itself may be set by the height of topographic

features as recently suggested in Nikurashin & Ferrari (2013). This is more consistent

with the classic view of Munk (1966) in that stratification is set by mixing processes and is

different from predictions of Ito & Marshall (2008) and Nikurashin & Vallis (2011) which

suggest that eddy transport (which indirectly depends on wind) also plays a leading role

in setting the stratification. We further find that the rate of the overturning circulation

is primarily set by abyssal mixing and eddy transport. Both stratification and rate of

circulation are found to be dependent on the decay scale of mixing to leading order, with

their dependence on the actual value of abyssal diffusivity being of secondary importance.
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Figure 4.6: Influence of variations in surface wind stress on circulation for κb =
10−4 m2s−1 and H = 1000 m.

This finding, which is different from findings of previous studies, highlights the role of

topographic features in setting the abyssal stratification and circulation. Based on the

best estimates available from observation-based analyses for the rate of abyssal mixing

and its vertical decay scale, the scaling relations proposed in this section seem to be more

relevant to the present-day oceans than their predecessors.

Our analyses have revealed a transition in Southern Ocean isopycnals from those

which connect the ocean surface to intermediate depths and the slopes of which are set

by steepening influence of surface winds and slumping influence of meso-scale eddies, to
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isopycnals in the abyss, the slopes of which are primary set by mixing and eddy transport.

The approximate depth of this transition is determined by the strength of the surface

westerlies (which influences isopycnal slopes and eddy transport) as well as the intensity

of abyssal mixing. Our results show that with increase in the wind strength, the role of

winds in setting isopycnal slopes extends to the deeper ocean, leading to weakening of the

stratification and to a tendency of the stratification scale to approach the mixing decay

scale. We have also illustrated that, as the result of an increase in the wind stress, abyssal

isopycnal slopes decrease leading to decrease in both the rate of overturning circulation

and the volume of the AABW cell.

We conclude this section by pointing out a number of important caveats. First, the

Southern Ocean channel in our study did not include any topographic ridge to repre-

sent the Drake Passage. It can be shown that inclusion of such a feature would lead

to a cancellation between the wind-induced stress and the zonal pressure gradient at

depths below the ridge (Ito & Marshall (2008)). This will further support a key assump-

tion in our analysis in that the eddy circulation dominates the wind driven circulation
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in the abyssal ocean. Thus, inclusion of a ridge in the channel will likely act to fur-

ther favour our proposed scaling relations. Second, albeit performed in the context of

an idealized zonally-averaged configuration, our work highlights the important role of

topographic features on driving the abyssal circulation. Therefore, investigating the in-

fluence of sharply decaying diapycnal mixing on circulation strength by accounting for

the horizontal variations of topographic features will constitute a very important exten-

sion of the work presented in this section. Third, we have employed the simplest form of

eddy parametrization in this work and considered a constant eddy diffusivity coefficient

throughout our analyses. We expect our primary findings (i.e. the primary role of to-

pographic features in setting the abyssal stratification and circulation) to be unchanged

by the choice of a more complicated parametrization. However, insofar as our analyses

of influence of changes in wind strength is concerned, the results are less secure since

changes in wind strength lead to non-trivial changes in the eddy field and in the corre-

sponding eddy transport and thereby in the isopycnal slopes. Lastly, we point out that

while we have imposed a relaxation boundary condition for buoyancy at the surface of the

Southern Ocean to avoid introduction of an additional scale into the problem, separation

of the surface condition into a relaxation condition for temperature and a flux condition

for salinity will be required in a further extension of our analyses.

4.2 The combined influence of abyssal mixing and

the geothermal heat flux in driving the abyssal

ocean circulation

4.2.1 Introductory remarks

It has been argued in the literature (Emile-Geay & Madec (2009)) that even though the

Geothermal Heat Flux (GHF) is approximately 1000 times smaller than air-sea buoyancy
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flux, it may nevertheless play an important role in the ocean circulation since heating the

oceans from below supports a more efficient closed Meridional Overturning Circulation

(MOC). This basal heating acts to increase the Available Potential Energy (APE) of the

ocean general circulation. Moreover, while air-sea fluxes are large, their strength and sign

have strong latitudinal dependence, whereas the GHF is unidirectional. Furthermore,

insofar as the Antarctic Bottom Water (AABW) circulation is concerned, air-sea fluxes

are in contact with the cell over a surface area which is about 1000 times smaller than

the contact area of the cell with the ocean floor, rendering the importance of the bottom

and surface fluxes comparable.

Scott et al. (2001) and Adcroft et al. (2001) investigated the influence of the GHF

on the ocean circulation by means of coarse resolution ocean general circulation model

(OGCM) simulations with a uniform heat flux of 50 mWm−2 imposed over the ocean

floor. Their main conclusions were that inclusion of the GHF leads to the erosion of the

abyssal stratification, and that the heat transferred to the ocean from below is transported

by the AABW circulation and is thereby ventilated to the surface of the Southern Ocean.

They also showed that the strength of the AABW cell is inversely proportional to the

abyssal stratification, a result that has been reinforced by the recent theoretical study

of Nikurashin & Vallis (2011)(hereafter NV11). By comparing numerical simulations of

ocean circulation with and without inclusion of the GHF, Adcroft et al. (2001) concluded

that inclusion of the GHF increases the rate of abyssal circulation by approximately

25%. Emile-Geay & Madec (2009) later studied the same problem using an OGCM by

considering the interplay between enhanced abyssal mixing and the GHF. They employed

both a uniform flux of 87mWm−2 and a realistic spatially varying heat flux. They showed

that the introduction of the GHF leads to erosion of the abyssal stratification and an

enhancement of the abyssal circulation by about 15% for the case with uniform GHF and

by a more modest amount once a realistic heat flux map is employed. They also found

that the impact of the GHF on abyssal circulation is more pronounced in the Indo-Pacific
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Ocean compared to the Atlantic. They argued that this results from a relatively larger

downward buoyancy flux which exists in the Atlantic Ocean due to the large density

difference between the North Atlantic Deep Water (NADW) and AABW cells. This

large downward flux dominates the upward GHF, whereas in the Indo-Pacific basin the

downward flux is smaller, allowing the GHF to play a more important role, consistent

with the findings of Scott et al. (2001). Hofmann & Maqueda (2009) have revisited this

problem and argued that GHF values in the range 50− 87 mWm−2 employed in earlier

studies were too low, and that a mean flux of 100 mWm−2 would be more reasonable

and still conservative. By imposing this value in an OGCM they obtained an increase in

the AABW overturning rate of 33%.

In what follows, we first employ an ocean data set to investigate whether the erosion

of abyssal stratification is evident. We then perform a set of numerical simulations using

a zonally-averaged model to investigate the effect of GHF by considering a range of values

from 0 to 75mWm−2. We will show that if the diapycnal diffusivity profile is vertically

constant in the abyss, the strengthening of the abyssal circulation due to the increase in

the GHF is consistent with earlier studies. However, if the profile is enhanced sharply in

the abyss consistent with the available observations, the influence of GHF is enhanced.

This suggests that as more realistic parameterizations of abyssal mixing are employed,

the influence of GHF may prove to be even more significant than previously assumed.

4.2.2 WOCE analysis

To investigate the abyssal fluxes of heat and buoyancy, we present an analysis similar

to Emile-Geay & Madec (2009) but considering the impact of vertically dependent diffu-

sivity profiles inferred from observations. More specifically, we employ the WOCE data

set (Gouretski & Koltermann (2004)) along with the basin averaged profiles of diapycnal

diffusivity for the Atlantic Ocean, the Indo-Pacific Ocean, and the Southern Ocean from

Lumpkin & Speer (2007). Since great uncertainty is associated with the diffusivity pro-
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Figure 4.8: Map of the downward heat flux at the bottom of the ocean calculated
from the WOCE data set (top); zonally averaged diffusive heat flux ρ0CpκTz in the
Atlantic and Indo-Pacific basins (middle two panels); geothermal heat flux inferred from
the age of the seafloor averaged over various ocean basins (calculated from analyses of
Emile-Geay & Madec (2009)). Contour levels in the middle two panels are in mWm−2.

files, especially in our region of interest in the abyssal ocean, the results of our analyses

will inherit the corresponding uncertainty. However, this uncertainty will not undermine

our main conclusions.

Figure 4.8(top) shows the heat flux, computed as the vertical temperature gradient

times the diffusivity, at the base of the ocean and the middle two panels of the figure
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show zonally averaged maps of the heat flux in the Atlantic and Indo-Pacific basins

(details of the calculations are provided in the supplementary materials). The top panel

in the figure has a pattern similar to maps of the geothermal heat flux (such as those

provided in Emile-Geay & Madec (2009) and Davies & Davies (2010)) since mid-ocean

ridges are regions of enhanced mixing as well as large GHFs. The bottom panel in Figure

4.8 shows the geothermal heat flux inferred from the age of the seafloor averaged over

various ocean basins (calculated from the GHF dataset of Emile-Geay & Madec (2009)).

Henceforth, we will focus on zonally averaged heat fluxes in the Atlantic and Indo-Pacific

basins and will not further discuss results for the zonally-averaged Southern Ocean for

two reasons: the diffusivity profiles are far too uncertain in the Southern Ocean to yield

acceptable estimates and the theoretical model which we employ to perform idealized

simulations does not allow us to study the role of GHF in the Southern Ocean dynamics

adequately. The zonally averaged map of the heat flux in the Atlantic Ocean shows that

the downward diffusive flux dominates the basin to a depth of 5000 m. The Indo-Pacific

Ocean plot, on the other hand, shows a balance between the downward diffusion of heat

from the surface and the upward GHF at depths below 4500 m. Comparison between

the heat flux contour levels above the ocean floor in the two middle panels with the

zonally-averaged GHF curves in the bottom panel shows that the GHF is of leading

order in both the Atlantic and the Indo-Pacific basins. However, in the Indo-Pacific

basin the influence of GHF seems to be larger, perhaps because of the larger averaged

fluxes in the Indo-Pacific (due to large GHFs at the East Pacific rise) as well as the more

pronounced downward diffusive flux in the Atlantic which exists because of the presence

of the significant temperature difference between the two Atlantic overturning cells.

4.2.3 Idealized Simulations

A number of idealized simulations have been performed to investigate the role of the GHF

on the abyssal stratification and circulation. The problem formulation and the method-
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ology employed to perform the numerical simulations are the same as those discussed in

the previous section.

The basin component of the circulation represented by equation (4.6) will be the focus

of our analyses in this section. By expanding the term (κbz)z, this equation implies that

the strength of the circulation depends on a balance between two terms with opposing

influences: namely the κbzz term, which is positive in the deep ocean, and which promotes

an anti-clockwise circulation (same sense as the eddy circulation in the Southern Ocean)

and the κzbz term which is negative and which promotes a clockwise circulation (same

sense as that forced by the wind stress over the Southern Ocean). Therefore, the vertical

decay in the intensity of the abyssal turbulent mixing suppresses the AABW circulation.

To investigate the influence of these two terms on the abyssal stratification and buoyancy

flux, we consider two sets of simulations, one based upon the assumption of an exponential

κ profile (with a vertical scale of H = 500 m) and the other based upon the use of a

Bryan and Lewis profile which is due to Bryan & Lewis (1979) (hereafter referred to as

BL79 profile). Both profiles have values of κb = 10−4 m2s−1 and κt = 5 × 10−6 m2s−1

at the ocean floor and at the base of the mixed layer, respectively. The exponential

profile is characterized by a sharp vertical gradient associated with vertical decay of

enhanced abyssal mixing. As discussed in the previous section, such sharp variations

have been demonstrated to be characteristic of the abyssal oceans. By comparing the

results obtained using the two different diffusivity profiles we will be able to asses the

role of the suppressive term (i.e. the second term) on the right hand side of (4.6) in the

presence of the GHF. Motivated by the zonally averaged basal heat fluxes in the Atlantic

and Indo-Pacific basins as plotted in Figure 4.8(bottom), we consider various cases with

uniform geothermal heat fluxes in the range 0 − 75 mWm−2 as the bottom boundary

condition of the computational domain.

Figure 4.10 presents the results of the simulations for various GHF levels and for the

two sets of experiments. The top row represents the BL79 diffusivity profile cases, while
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the bottom row shows those for the exponential diffusivity profile cases. The first panel in

each row represents the vertical diffusive buoyancy flux, κbz. For both diffusivity profiles,

imposition of a nonzero GHF leads to the erosion of the abyssal stratification, leaving

an unstratified layer above the ocean floor. The thickness of this layer increases with

increase in the geothermal flux for both diffusivity profiles but is considerably larger for

the diffusivity profile with sharp variations. This is expected since Tz ∝ GHF/κ and since

the diffusivity averaged over the abyssal depths is smaller for the exponential profile, the

sensitivity of abyssal stratification to GHF is larger for the exponential profile. The small

circle on each of the lines of the plot marks the depth at which the downward buoyancy

flux is equal in magnitude (and opposite in direction) to the basal heat flux. Their

position in elevation demonstrates that even conservative estimates of the basal heat

flux match the downward buoyancy flux at mid-depths in the ocean. For sharp vertical

variations of abyssal mixing (bottom row), basal heat flux matches the downward flux at

even shallower depths as low as 1500− 2000 m for Q = 75 mWm−2.

The middle two panels in each of the two rows of Figure 4.10 show κbzz and κzbz.

Both of these terms appear in the basin component of (4.7). As mentioned earlier, and

as shown in the plots, the two terms are of opposite sign, with the former enforcing an

anti-clockwise AABW circulation, and the latter suppressing it. Focusing on the top row

and the BL79 profile, κzbz is negligible and κbzz shows small variations below the depth

of 2000 m due to insignificant vertical variation in κ. In this case, from (4.6) we get

|Ψ| ∝ κbzz/bz. Both bz and bzz decrease in the abyss with increase in the GHF; however,

the former decreases faster leading to an effective increase in the circulation as shown in

the rightmost panel in the top row of the figure. We will discuss the physical reason for

this increase in the context of our discussion of Figure 4.9. As compared to a case with

no GHF, the circulation (measured at the depth of its maximum) increases by 27% for a

GHF of 50 mWm−2 and by ∼ 39% for a GHF of 75 mWm−2, in qualitative agreement

with earlier studies cited in the Introduction. Focusing on the bottom row of Figure
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4.10 and the results based on the exponential diffusivity profile, the κzbz term is no

longer negligible, and in fact is comparable in magnitude to κbzz (both O(10−14) ms−3).

Therefore, the circulation in (4.6) is set by a balance between κzbz and κbzz. Although

an increase in the GHF leads to an increase in the abyssal circulation due to an effective

increase in bzz/bz (similar to the BL79 cases), it also weakens the suppressing influence

of κzbz by eroding the abyssal stratification. Therefore, an increase in the GHF leads

to a more significant increase in the abyssal circulation when a sharp vertical variation

of abyssal mixing is considered. As the last panel in the bottom row of Figure 4.10

demonstrates, the introduction of a GHF of ∼ 50 − 75 mWm−2 leads to an increase of

∼ 200%− 300% in the peak circulation.

To discuss the physical reason behind the increase in overturning strength with in-

crease in the GHF, we note that the slope of the isopycnals in the southern ocean can be

estimated by sb = −by/bz where by is the horizontal stratification. Since the basin and

channel streamfunctions in (4.8,4.6) have to agree at the channel-basin boundary, a de-

crease in the abyssal stratification (i.e. decrease in bz) in the basin due to the introduction

of a GHF leads to an effective steepening (i.e. increase in sb) of those Southern Ocean

isopycnals which connect to the basin part of the AABW cell. Therefore, according to

(4.8), this leads to an increase in the eddy-induced circulation for the same wind driven

circulation in the Southern Ocean and thereby to strengthening of the resulting AABW

circulation. The top panel of Figure 4.9 illustrates the increase in the anti-clockwise

abyssal circulation (due to increase in eddy-circulation in the Southern Ocean) induced

by introducing a mean GHF of 50 mWm−2. The bottom panel of the figure shows the

corresponding effective increase in the buoyancy. The buoyancy injected into the ocean

basin by the GHF finds its way to the ocean surface primarily in the Southern Ocean

and by means of the increase in the eddy circulation associated with the Southern Ocean

branch of the AABW cell (middle panel). Due to the simplifying assumptions made in

our idealized model, the significant increase in the circulation shown in the rightmost
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Figure 4.9: Difference maps for streamfunction (top) and buoyancy (bottom) constructed
by subtracting the fields associated with the control run (with no basal heating) from
a case with uniform GHF of 50 mWm−2 (both cases with the exponential diffusivity
profile). Middle panel is in units of m2s−1 while the contour levels in the bottom panel
is normalized by ∆b, the buoyancy difference across the Southern Ocean channel at the
surface of the ocean (set to 0.02 ms−2 in the simulations).

panel of Figure 4.10 (for the cases with an exponential diffusivity profile) is not expected

to provide a quantitative measure of the role of the GHF in the oceans. However, it

very effectively illustrates the significant dependence of the influence of the GHF on the

vertical variation of diapycnal mixing.

Although our entire discussion has focused upon the modern circulation, we suspect

that the influence of the GHF may be of even more significance to understanding cli-

mates of the distant past. For example in the Neoproterozoic era of Earth history it has

been suggested that the planet may have become entirely glaciated with thick sea and

land ice. Recent calculations of the bifurcation point in atmospheric carbon dioxide-solar

luminosity space beyond which such states would be expected to form have cast signifi-

cant doubt upon the plausibility of such snowball Earth occurrences (Hyde et al. (2000);

Peltier et al. (2004); Yang et al. (2012)). Recently, Ashkenazy et al. (2013) showed that

the GHF is crucial in driving a strong MOC during Snowball climates, but their analysis
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Figure 4.10: Profiles of κbz , κbzz, κzbz and |Ψ| for various values of uniform GHF imposed
at the bottom boundary. Top row shows results for simulations performed by using
the Bryan & Lewis (1979) diffusivity profile and the bottom row shows similar results
but for an exponential diffusivity profile with a vertical length scale of 500 m. Line
attributes in all panels are the same as left panels. The circles on each of the lines in
the κbz plots denote the depth at which the downward diffusive buoyancy flux matches
the magnitude of the effective upward basal geothermal flux. Note that a heat flux of
50 mWm−2 corresponds to κbz = 1.25× 10−11 m2s−3 due to Q = −ρ0Cp

gα
(κbz), where α is

the coefficient of thermal expansion of seawater (α ∼ 10−4 K−1).

ignored the importance of sharp vertical variations in abyssal mixing.

4.2.4 Concluding remarks

By employing an ocean data set and extending analyses of Emile-Geay & Madec (2009),

we have shown that the vertical heat flux above the ocean floor under modern climate

conditions is of the same order of and has a pattern similar to the estimates for the GHF

induced by cooling of Earth’s oceanic lithosphere. Results obtained using an idealized

model are also in agreement with earlier studies in demonstrating an increase in the rate
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of abyssal overturning arises as a consequence of the erosion of abyssal stratification by

the GHF. This erosion was demonstrated to lead to steepening of the Southern Ocean

isopycnals which connect to the AABW cell, leading to an increase in the eddy-induced

transport and thereby to an increase in the strength of the abyssal circulation. It was

shown that the extent of influence of the heat flux depends heavily on the vertical de-

pendence of the abyssal diapycnal mixing: sharp decay of the diffusivity profile in the

abyss intensifies the influence of the geothermal flux and plays a primary role in setting

the abyssal stratification and circulation.

We emphasize that while the diffusivity profiles employed herein helped investigate

the role of GHF in the presence of vertical decay of enhanced mixing right above the

ocean floor at a constant depth of 4 km, mid-ocean ridges reach up to 2000 m in the real

ocean and thus the bottom topography may change the sensitivity to the GHF. Therefore,

we conclude by noting that an accurate quantitative estimation of the influence of GHF

will require application of global models with appropriate representations of the bottom

boundary layer, an accurate map of basal heat flux and a high quality representation of

diapycnal mixing throughout the abyssal ocean.

4.3 An analytical solution for abyssal stratification

and circulation

In the previous two sections, we have been primarily concerned with abyssal stratification

and the rate of overturning circulation. In the upper ocean and above the region of

enhanced abyssal mixing, however, circulation is primarily set by a balance between wind

and eddy transports, as discussed in Nikurashin & Vallis (2011) and Marshall & Radko

(2006). In this section, we intend to expand on analysis of Nikurashin & Vallis (2011) to

include the influence of increase in the intensity of mixing as the ocean depth increases

from the wind-dominating upper ocean to mixing-dominating abyssal regions. Moreover,
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we intend to build simple analytical solutions (for stratification and rate of overturning

circulation) in the abyssal ocean which would merge to solutions in the upper ocean with

decrease in depth.

We begin the analysis from equations (4.7,4.8,4.6) by noting that vertical variation

of diapycnal mixing in the upper ocean and away from bottom boundary (and below the

surface mixed layer) is very small and so κz ≈ 0. Following Nikurashin & Vallis (2011),

we non-dimensionalize the equations by using the following characteristic scales

ẑ = z/h, ŷ = y/l, τ̂ = τ/τ,

f̂ = f/f0, Ψ̂ = Ψ/(τ/(f0ρ)), ρ̂ = ρ/ρ0,

where h = ∂zz b̄/∂z b̄ is the vertical scale of stratification and l represents horizontal scale

of variation of stratification (l = ∂yy b̄/∂y b̄). The resulting equations become

Ψ̂y + ŝbΨ̂z = κ̂
l

Lb

∂zz b̂

∂z b̂
, (4.24)

Ψ̂ = − τ̂

f̂ ρ̂
− K̂eŝb, (4.25)

Ψ̂|y=Lc = −κ̂∂zz b̂
∂z b̂

, (4.26)

where

κ̂ =
κLb

h(τ/(f0ρ0))
and K̂e =

Keh

l(τ/(f0ρ0))

are non-dimensional diapycnal mixing coefficient and eddy diffusivity, respectively.
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Upper ocean solution

Substituting typical values of parameters in the ocean1 along with κ ≈ 10−5 m2/s for the

upper ocean, we obtain κ̂ ≪ 1. Therefore, the right hand side of equation (4.26) can be

considered negligible in the upper ocean. This implies a balance between wind and eddy

circulation terms on the right hand side of (4.25), leading to

h ∼ l

Ke

τ

|f |ρ, (4.27)

which can be substituted in (4.26) to give

Ψ ∼ Ke κ

τ/(|f |ρ)
Lb

l
. (4.28)

These solutions are identical to those presented by Nikurashin & Vallis (2011). We note,

however, that scaling relation (4.27) is not explicitly dependent on κ, suggesting that

stratification is primarily set by the balance between the steepening influence of winds

on isopycnals and the slumping influence of meso-scale eddies. We, on the other hand, are

interested in investigating the transition from this limit, to abyssal ocean in which mixing

plays a leading role. Therefore, we note that there should be an implicit dependence on κ

in (4.27) through ‘l’: as κ increases with depth, one can expect the isopycnals to steepen

due to enhanced mixing, leading to an effective reduction in ‘l’. This is schematically

shown in Figure 4.11.

We can employ the fact that Ψ̂ ∼ κ̂ ≪ 1 in the upper ocean to build a theoretical

solution for the buoyancy. To do so, we expand Ψ and b in form of

f = f 0 + f 1 +O(κ̂2), (4.29)

1using Ke ∼ 1000 m2s−1, τ ∼ 0.1 Nm−2, f0 ∼ 10−4 s−1, ρ0 = 1000 kg m−3, Lb ∼ 104 km and
l ∼ 103 km.
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Figure 4.11: Schematic view of the zonally-averaged Southern Ocean channel in which
the domain is divided into a wind-dominating upper ocean and a mixing-dominating
abyss.

where f 1 represents quantities of order κ̂. Expanding Ψ and b and substituting them

into equations (4.24)-(4.26) leads to:2

Ψ0 = 0, (4.30)

s0b = −∂yb
0

∂zb0
= −τ/(f0ρ0)

Ke
, (4.31)

which shows that to zeroth order, circulation vanishes and that buoyancy at the base of

the mixed layer is mapped onto vertical at the channel-basin interface along characteris-

tics with slopes s0b which is set by a balance between the wind stress and eddy transport.

If τ is considered constant, then isopycnals become straight lines (as schematically shown

in Figure 4.11). For a τ(y) profile, isopycnals become curved but remain parallel to each

2where we have switched back to dimensional parameters for convenience
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other as sb in (4.31) becomes only a function of y and not z. The first order balance gives

J(Ψ1, b0) = 0, (4.32)

Ψ1 = −Ke
∂yb

1

∂zb0
, (4.33)

Ψ1|y=Lc = −κLb
∂zzb

0

∂zb0
. (4.34)

which shows that first order circulation moves along zeroth order buoyancy surfaces with

slopes set by (4.31). To investigate the explicit dependence of (4.27) on κ, we expand l

in the form

l =
∂yb

0 + ∂yb
1

∂yyb0 + ∂yyb1
=

∂yb
0

∂yyb0

(

1 +
∂yb

1

∂yb0
− ∂yyb

1

∂yyb0

)

= l0 +
∂yb

1

∂yyb0
− ∂yb

0 ∂yyb
1

(∂yyb0)2
, (4.35)

where l0 = ∂yb
0/∂yyb

0 ∼ Lc. To make theoretical progress, we assume a mixed layer

buoyancy profile in form of

bml = δb(
y

Lc

)2, (4.36)

where δb is the buoyancy difference across the channel at the surface. This profile closely

mimics the observed zonally and temporally averaged buoyancy profile over the Southern

Ocean, as shown in Figure 4.12. Substitution of this profile in (4.31) gives

b0(y, z) = ∆b(
y

Lc

− Ke

τ/(f0ρ0)

z

Lc

)2. (4.37)

This solution can be used along with (4.33,4.34) to obtain ∂yb
1 and ∂yyb

1, which can be

used in (4.35) to give 3

l = l0 − LbκKe

(τ/(f0ρ0))2
= l0 − κ̂l0. (4.38)

3noting that the third term on RHS of (4.35)vanishes, and using s0b = τ/(f0ρ0)
Ke

∼ h
l0 .
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Figure 4.12: zonally averaged profiles of buoyancy at the surface of the Southern Ocean,
calculated from the WOCE dataset. The dashed line represents the idealized fit to the
observed mean as expressed in equation (4.36).

This result shows that as κb increases from pelagic values O(10−5 m2/s) in the upper

ocean to larger values in the abyss, l decreases due to a correction term which is linear

in κ. Therefore, (4.27) can be revised as

h ∼ l

Ke

τ

|f |ρ(1− κ̂), (4.39)

which shows that with increase in κ, l decreases and h increases, leading to a correction

to the zeroth order isopycnal slope (s0b ≈ h/l) and thus steepening of isopcynals as they

penetrate further into the abyss. By employing (4.38) in (4.28), the revised overturning

streamfunction becomes

Ψ ∼ Ke κ

τ/(|f |ρ)
Lb

Lc(1− κ̂)
, (4.40)

which shows that with increase in κ, circulation also increases. However, it should be

noted that Ψ ≈ 0 to leading order in the wind-dominating upper ocean, and (4.40) is

relevant for the transition region between the upper ocean and the abyss, which we take

to be approximately a distance H above the bottom boundary, where as before, H is the

vertical decay scale of enhanced abyssal mixing.
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A solution for the abyssal ocean

We can build a solution for buoyancy (and thereby for circulation) in the abyssal ocean

by noting that according to section 4.1, h ∼ H in the abyss for a wide range of mixing

scales and for abyssal diffusivity spanning the range which has been suggested to be of

relevance to deep oceans. Therefore, we can write

bz
bzz

∼ h ≈ H, (4.41)

in the abyss, which can be integrated in the vertical to give:

bA = C1(y) + C2(y)e
z/H, (4.42)

where subscript ‘A’ denotes ‘Abyss’. Assuming that this solution matches that of the

upper ocean at the distance H above the ocean floor (see figure 4.11), we set this solution

equal to (4.37) at the depth z=-D+H (where D is the total ocean depth). This leads to

C1(y) = δbX
(

X − 2

τ/(|f |ρ)
KeH

Lc

)

, C2(y) = δbX
2

τ/(|f |ρ)
KeH

Lc
eD/H−1,

where

X =
y

Lc
+

Ke

τ/(|f |ρ)
H −D

Lc
.

The isopycnal slope, sb = −by/bz can thus be calculated to give

sb =
τ

|f |ρ

[

e1−(D+z)/H

Ke

+H
1− e1−(D+z)/H

yτ/(|f |ρ)−KeD +KeH

]

. (4.43)

This solution simplifies to sb = τ/(Ke|f |ρ) at z = −D+H , which is simply the isopycnal

slopes in the upper ocean set by the balance between wind and eddy circulations. The

second term in (4.43) represents the increase in isopycnal slopes in the abyss due to influ-

ence of abyssal mixing. In the limit of z → −D, the wind effects become negligible and
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the second term dominates and the isopycnal slopes become large and are set by abyssal

mixing scale H and eddy diffusivity Ke. Interestingly, it is the vertical mixing scale, and

not the actual value of abyssal diffusivity (provided that its value is much larger than

upper ocean diapycnal diffusivity) which controls the abyssal stratification, as was also

suggested in section 4.1. To show the growing influence of the mixing on isopycnal slopes

suggested by (4.43), in Figure 4.13 we show plots made from the analytical solutions for

buoyancy in both the upper and abyssal ocean. To facilitate easy distinction between

the upper and lower solutions, and without loss of generality, we have assumed that wind

stress is uniform above the Southern Ocean channel for cases shown in the plot. This

way, the upper-ocean isopycnals become straight lines, and any curvature in slopes in

the deep ocean is caused by mixing effects. As the figure shows, with increase in H , the

region of influence of enhanced mixing extends further up from the ocean floor. This

effect is in complete agreement with results of the numerical model which were presented

in section 4.1 (see figures 4.6).

Finally, we can employ the analytical solution obtained for abyssal buoyancy to cal-

culate the abyssal circulation at the channel-basin interface by using (4.8), to obtain4

Ψ =
[

e1−(D+z)/H − 1
]

[

τ

|f |ρ − KeH

Lc

]

. (4.44)

As z → −D + H , this solution tends to the vanishing circulation limit associated with

the zeroth order solution for streamfunction in the upper ocean. As depth increases,

however, the influence of wind diminishes and in the z → −D limit, this solution re-

duces to −KeH/Lc which correspond to the leading order approximation for abyssal

circulation, as was previously suggested based on scaling arguments in (4.16) in sec-

tion 4.1. Therefore, relation (4.44) nicely recovers the wind-dominating circulation limit

of Nikurashin & Vallis (2011) in the upper ocean and the mixing-dominating circula-

4where we have made the approximations H/D ≪ 1 and Lcτ/(KeD|f |ρ) ≈ O(1).
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tion limit of (4.16) in the abyss. We conclude this section by noting once more that

(4.42), (4.43) and (4.44) are all valid only in the abyssal ocean where diapycnal mixing

is enhanced (i.e. for z < −D +H).
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Figure 4.13: Contour plots of buoyancy in the Southern Ocean channel made from ana-
lytical solutions presented in (4.37) and (4.42). Right panel in each row shows an enlarged
view of the bottom-right corner of the plots on the left. For all cases, τ = 0.2 N/m2 and
Ke = 1000 m2/s.
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4.4 More rigorous analytical solutions for upper and

lower branches of circulation in the abyssal ocean

Our analyses in earlier sections in this chapter were primarily motivated by oceanic data

sets and were based on scaling arguments. It is, however, of interest to us to construct

proper analytical solutions of the basic governing equations for buoyancy and the over-

turning streamfunction in the abyssal ocean. Such solutions can form the basis for future

parametric studies on the sensitivity of abyssal circulation to changes in ocean boundary

conditions and its interactions with other components of the climate system. Such studies

are crucial for gaining basic insight into the role of changes in ocean circulation in various

climate change scenarios of interest. Any knowledge obtained using idealized theoreti-

cal solutions can also provide a means to interpret zeroth order behavior of solutions of

GCMs, and will help with designing of future GCM experiments. In this section, we build

upon the findings of previous sections to construct more rigorous analytical solutions for

circulation in both the wind-dominated upper ocean and in the mixing-dominated abyssal

ocean. We will demonstrate that our solution reproduces the results obtained using the

numerical model explained in Section 4.1.4 and that it correctly predicts the sensitivity

of abyssal circulation to the magnitude of the geothermal heat flux which was discussed

in Section 4.2.

4.4.1 Governing equations

The basic framework within which we perform our analyses in this section is similar to

that described in Section 4.1, with few minor modifications described below. The first of

the governing equations under consideration is the advection-diffusion equation:

∂yψ∂z b̄− ∂zψ∂y b̄ = ∂z(κ∂z b̄), (4.45)
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which will be solved both in the channel and in the basin. As before, the residual

circulation is defined as

ψ = ψwind + ψeddy, (4.46)

To allow for northward motion at the bottom of the Southern Ocean, we follow Ito & Marshall

(2008) and consider blockage of the zonal flow in the Southern Ocean below the depth

of Dτ (taken to be 2000 m). This blockage can be considered as an idealized theoretical

analogue of the Drake Passage. By balancing the wind stress with topographic drag

in the abyssal Southern Ocean, Ito & Marshall (2008) showed that the wind-induced

circulation modified by inclusion of the sill takes the form:

ψwind =











− τw
ρ0f

(z > −Dτ )

− τw
ρ0f

(

Dτ+z
D−Dτ

)

(z < −Dτ )
(4.47)

As before, the eddy induced circulation is in the form of

ψeddy = Ke s. (4.48)

The boundary condition at the channel-basin boundary is:

ψ|y=Lc = −Lb
∂z(κ∂b)

∂zb
. (4.49)

The boundary conditions applicable to the above equations remains the same as Sec-

tion 4.1. Additionally, a relaxation boundary condition is imposed at the surface in the

form of

κ∂zb = λ(b∗ − b0), (4.50)

where b∗ is a prescribed surface profile, b0 is the surface buoyancy, and λ is a relaxation

constant which is chosen in such a way as to correspond to a relaxation time of a month.

Since our focus is on the vertical variations in mixing coefficient κ, and since we partly seek
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to find an analytical solution for the abyssal circulation, in the remainder of this Section

we will consider an idealized diapycnal diffusivity similar to that employed previously

(only) in the numerical simulations of section 4.1.4, and which is of the form

κ(z) = κt + (κb − κt)e
−( z+D

H
), (4.51)

where as before, κb and κt represent diffusivity at the bottom and top of the ocean,

respectively. For the purpose of simplification of the analytical solutions to be introduced,

we shift the horizontal coordinate (y) from that in Section 4.1 to one in which y = 0

corresponds to the channel-basin interface.

4.4.2 A solution for the top of the ocean

To begin our analysis, in left panel of Figure 4.14 we show a close up of the Southern-

Ocean section of a simulation similar to those shown in Section 4.1. As discussed in

the previous section, the near surface buoyancy lines have a slope which is set by the

surface wind stress. In the deep ocean, however, enhanced diapycnal mixing steepens

the isopycnals as shown in the figure. The rightmost panel of the figure illustrates

the distinction between the two regions schematically. The figure also shows that the

streamlines approximately follow the path of buoyancy levels5. Therefore, if we obtain a

solution for b at the channel-basin interface, then we can find a solution for ψ through

(4.49).

In the upper, the diffusion coefficient κ defined in (4.51) is nearly constant and equal

to κt. It was shown by Nikurashin & Vallis (2011) that in this limit of small κt, the buoy-

ancy at the base of the mixed layer is mapped along isopycnals on to the channel-basin

interface. As discussed in the previous section, the slopes of the isopycnals are set by a

balance between the steepening influence of surface wind stress and the slumping influ-

5In the κ→ 0 limit, ψ lines exactly follow b surfaces.
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0.1 0.35

0.5

Figure 4.14: Left panel: close-up of the circumpolar channel section of a simulation
similar to those shown in Section 4.1; Right panel: Schematic of how the buoyancy at
the base of the mixed layer is projected on to the channel-basin interface.

ence of meso-scale eddies and is equal to s ∼ τw/(ρ0fKe). Furthermore, as mentioned

before, in the small κt limit, streamlines are parallel to the buoyancy surfaces, and so ψ

at the base of the mixed layer is mapped on to the channel-basin interface. To obtain ψ

at the base of the mixed layer, we consider the equation

∂z(ψby)− ∂y(ψbz) = ∂zB, (4.52)

to hold inside the mixed layer. B represents the surface buoyancy flux. We neglect the

diabatic component of eddy fluxes in B, assume that fluxes at the base of the mixed layer

vanish, and assume that B = κtbz = λ(bml − b∗) at the surface where bml(y) is the mixed

layer buoyancy. With these assumptions, integration of 4.52 across the mixed layer leads

to

ψ|z=−hml
= λ

bml − b∗

bml
y

, (4.53)

where hml is the mixed layer depth. Mapping ψ|z=−hml
onto the channel-basin interface
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along buoyancy surfaces of slope s gives

ψy=0 = λ
b(z) − b∗(z)

s∂zb
, (4.54)

where b(z) represents the buoyancy at y = 0 and b∗(z) is the observed surface buoyancy

properly mapped onto the z coordinate. According to (4.49), the upper ocean circulation

at y = 0 becomes

ψy=0 = −κtLb
bzz
bz
. (4.55)

Setting (4.54) and (4.55) equal we obtain

λ(b∗ − b) = sκtLbbzz, (4.56)

which can be solved to give

b(z)|y=0 = B1 sin(z/
√

sLbκt/λ) +B2 cos(z/
√

sLbκt/λ) + b∗(z), (4.57)

which is the solution of the buoyancy at the channel-basin interface in the upper ocean

above the region of enhanced abyssal mixing. We also note that according to (4.46, 4.47

,4.48),

ψ|y=0 = −τw/f +Kes, (4.58)

Setting (4.58) equal to (4.54) and solving for b(z)|y=0 we obtain

b(z) = b∗ + e
λy

s(τw/f−sKe)F(z), (4.59)

where F(z) is a general function of z. Combining (4.59) and (4.57), the solution of the

buoyancy at the channel-basin interface takes the form

b(z)|y=0 = b∗(z) + e(
λy

s(τw/f−sKe)
)[B1 sin(z/

√

sLbκt/λ) +B2 cos z/
√

(sLbκt/λ)], (4.60)
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where the exponential term represents an exponential growth in buoyancy with increase

in y on the left hand side of the channel-basin interface, keeping in mind that we have

assumed by = 0 on the right hand side of the interface. We will determine coefficients B1

and B2 in (4.60) once we obtain a solution for the deep ocean.

4.4.3 A solution for the deep ocean

To obtain an analytical solution in the deep ocean where enhanced diapycnal mixing

plays an important role in setting the circulation, we perform an analysis similar to that

employed in 4.3 and perform an asymptotic expansion in the form of:

ψ̂ = ψ̂(0) + ǫbψ̂(1) +O(ǫ2b),

b̂ = b̂(0) + ǫbb̂(1) +O(ǫ2b),

ŝ = ŝ(0) + ǫbŝ(1) +O(ǫ2b),

where hats denote non-dimensionalized quantities and

ǫb =
∆κ Lb

(τ0ρ0/f0)h
, (4.61)

where ∆κ = κb − κt. Since ∆κ e−(z+D)/H ≫ κt in the abyss, we can write κ(z) =

∆κ e−(z+D)/H . We also assume that ǫb is sufficiently small to enable such a perturbation

analysis.6 Then, it can be shown that

ψ̂(0)|y=0 = 0, ψ̂(1)|y=0 = −e(− z+D
H

)∂zz b̂(0)

∂z b̂(0)
(4.62)

ŝ(0) = Λ−1 τ̂w

f̂
, s(1) = ψ̂(1)/Λ, (4.63)

6plugging in characteristic values for parameters in 4.61, ∆κ needs to be ∼ 5× 10−5 m2/s or smaller
for this condition to be satisfied.
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where Λ = Keh
(τ0ρ0/f0)Lc

. Therefore, to zeroth order of approximation, the mixed layer buoy-

ancy at the channel surface is mapped on to the vertical at the channel-basin interface

along buoyancy surfaces with slopes set by wind and eddies (i.e. s(0)). However, it should

be noted that the correction term s(1) is of a greater significance in this case compared to

the upper-ocean solution considered in the previous section. As clearly shown in Figure

4.14, the contribution of s(1) is nearly zero in the upper part of the ocean, letting the

surface wind stress responsible for setting the slope. As one moves towards the southern

boundary of the domain at the ocean surface (or alternatively moves towards the ocean

floor along the vertical at y = 0), s(1) grows and the slope is increasingly set by both the

surface wind stress and the enhanced bottom mixing (through 4.63). Near the bottom

of the ocean, the slope is nearly D/Lc.

To construct a solution for b at the channel-basin interface in a similar fashion to the

previous section, we project ψ at the base of the mixed layer along buoyancy surfaces

and set it equal to ψ|y=0 in the abyssal ocean (which will be equal to −Keby/bz according

to (4.46,4.48) and by noting that ψ = 0 in the deep ocean according to (4.47)) to obtain

− λ

sKe
(b(z)− b∗(z)) = by. (4.64)

Using (4.46,4.48,4.47,4.49) and once again noting that ψ = 0 in the deep ocean we can

also write

κ(z)Lb

Ke
bzz = by, (4.65)

which can be combined with (4.64) to give

− Lbs

λ
κ(z)bzz = b(z)− b∗, (4.66)
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at y = 0, which is equal to

− Lbs

λ
∆κ e−( z+D

H
)bzz = b(z)− b∗, (4.67)

by invoking the ∆κ e−(z+D)/H ≫ κt assumption.

Equation (4.64) can be solved to give

b(y, z) = b∗(z) + e−
λ

sKeF(z), (4.68)

where F(z) is a general function of z. Substituting (4.68) into (4.67) we get

− Lbs

λ
∆κ e−( z+D

H
)[b∗zz + e−

λ
sKeFzz] = e−

λ
sKeF . (4.69)

To make analytical progress at this point, another simplifying assumption needs to be

made. It can be easily shown that for observed surface buoyancy profiles, the first term

in the brackets on the LHS of (4.69) is sufficiently smaller than the second term to be

neglected. To fully justify ignoring the second term from a mathematical point of view,

we assume that b∗(z) (which is the observed surface buoyancy between y = −y∗ and

y = −Lc in the right panel of Figure 4.14) is a linear function of z. Since −Lc < y < −y∗

is small compared to the channel width Lc, this assumption does not constitute a major

simplification. Equation (4.69) can therefore be solved to give

F(z) = C1J0(X) + C2Y0(X), (4.70)

where

X = −2H

√

e(z+D)/H

Lbs∆κ /λ
, (4.71)

and J0 and Y0 are Bessel functions of the first and second kind, respectively, and C1 and

C2 are constants of integration. Combining (4.68,4.70), the solution to the buoyancy at
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the channel-basin interface in the deep ocean takes the form

b|y=0 = b∗(z) + e−
λ

sKe [C1J0(X) + C2Y0(X)] , (4.72)

where the exponential term that precedes the bracketed quantities represents a growth

in b with increase in y on the left side of the channel-basin interface, similar to the upper

region solution (4.60). It is important to note that solution (4.72) is valid as long as

the ∆κ e−(z+D)/H ≫ κt assumption is valid. Therefore, we set the depth corresponding

to ∆κ e−(z+D)/H ∼ κt, which we refer to as zt, as a representative of the vertical depth

below which this solution in applicable. The expression for zt is

zt = −H ln(κt/∆κ )−D. (4.73)

4.4.4 Boundary conditions and matching the two solutions

To employ the proper boundary conditions and find constants of integration in equations

(4.68,4.72), we consider a simple theoretical form for b∗, however, we note that in princi-

ple, any prescribed observed buoyancy distribution can be used to obtain the constants

in our analytical solutions. We consider a profile in the form

b∗(y) =
δb

1− e
Lc
lb

(1− e
Lc
lb ), (4.74)

at the surface where δb is the observed buoyancy difference across the channel and lb is

the length scale of variation of b∗(y). This functional form for b∗ is chosen to enable

investigation of the influence of variations in surface fluxes on the AABW cell. A value

of lb/Lc ∼ 1 and larger corresponds to a nearly linear profile, while a value of lb/Lc ∼ .3

leads to a profile similar to that previously introduced in Figure 4.12 and in equation

4.36.
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To properly map b∗(y) onto the channel-basin interface, first we need to determine

the depth below which the isopycnal slopes get larger due to enhanced mixing in the deep

ocean. This depth, which we refer to as z∗ and is shown in the right panel of Figure 4.14,

is set by the profile of κ(z). We choose the depth at which κ = 1.1κt as the depth below

which κ becomes larger than the upper-ocean value due to enhanced abyssal mixing.

This is an arbitrary choice, but the results to follow will not be overly sensitive to this

specific choice. As an example, for a κ profile with H = 500 m, z∗ ∼ −1800 m. To map

the surface b∗(y) profile onto the y = 0 interface, we note that the b∗(z) profile below z∗

should be linear to meet the assumptions made earlier, therefore, for z < z∗ we have

b∗(z) =
b∗|z=z∗

z∗ +D
(z +D), (4.75)

and for z > z∗ we have

b∗(z) =
δb

1− e
− D

Hb

(e
z
Hb − e

− D
Hb ), (4.76)

where Hb = lbD/Lc. We could alternatively choose to not define a linear profile for z < z∗

and instead assume that the first term in the brackets on the LHS of (4.69) is sufficiently

smaller than the second term, and thus can be neglected. This could then be verified

through a posteriori check. While the results from this alternative approach would be

slightly different, the general form of solutions and the subsequent conclusions are not

sensitive to this choice.

Next we determine the constants in (4.72). To do so, we enforce bz = G and bzz = 0

at z = −D. This choice ensures that the residual circulation vanishes at the bottom

boundary. Enforcing these two conditions leads to

C1 =
Y0(X|z=−D)

√

Lbs∆κ /λ(G− b∗|z=z∗

z∗+D
)

J1(X|z=−D)Y0(X|z=−D)−J0(X|z=−D)Y1(X|z=−D)
, (4.77)

C2 =
J0(X|z=−D)

√

Lbs∆κ /λ(G− b∗|z=z∗

z∗+D
)

Y1(X|z=−D)J0(X|z=−D)− Y0(X|z=−D)J1(X|z=−D)
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Figure 4.15: Profiles of b, bz and bzz at the channel-basin interface (y = Lc) for the case
shown in Figure 4.14

.

To find the constants in the upper-ocean solution (4.60), we have more than one option.

We can either prescribe values for b(z)|y=0 and its derivatives at the base of the mixed

layer, or we can match the top solution to the deep water solution. As the values of

ψ, b or derivatives of b are not clearly known at the base of the mixed layer, the latter

approach will be taken here. This will also favour a continuous solution along the vertical

at the channel-basin interface. However, we face one difficulty: The abyssal solution is

deemed to become less and less valid as one moves up from the depth z = zt (see Figure

4.14), therefore, we will only consider (4.72) for z < zt. For z > z∗, κ(z) ∼ κt and

so (4.60) is valid. In the zt < z < z∗ sub-range, both κt and ∆κ e−(z+D)/H are of

comparable importance and neither of the two solutions are strictly valid. However,

since this sub-range is only a few hundreds of meters deep and since by depth z∗, b(z)

and its derivatives have already decayed to very small values (see Figure 4.15), we do not

expect much variation in the solution for b(z) in the intermediate range and so match

the top solution to the abyssal solution at zt. This can be done in two ways:
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Matching b and bz at zt

By matching the two solutions through matching b and its first derivative at zt. This

ensures that b(z)|y=0 is a continuous function. Since bzz will not be continuous by this

choice, there will be a discontinuity in the solution of ψ at zt. Matching in this way leads

to

B1 =M1 sin(
z|z=zt

√

sLbκt/λ
) +M2 cos(

z|z=zt
√

sLbκt/λ
), (4.78)

B2 =M1 cos(
z|z=zt

√

sLbκt/λ
)−M2 sin(

z|z=zt
√

sLbκt/λ
),

where

M1 = b|z=zt − b∗z|z=zt = b|z=zt −
δb

1− e
− D

Hb

(e
zt
Hb − e

− D
Hb ), (4.79)

M2 = bz|z=zt − b∗z|z=zt = bz|z=zt −
δb

Hb

(

1− e
− D

Hb

)e
zt
Hb ,

where values of b and bz at zt are obtained from the lower solution. The top row in

Figure 4.16 shows the theoretical solutions obtained using the constants defined in (4.78)

for b(z) and ψ for a case similar to that of Figure 4.14. The discontinuity in ψ due to

discontinuity in bzz can be seen in the right panel.

Matching bz and bzz and thereby ψ at zt

Alternatively, we can match bz and bzz between the two solutions, leading to a continuous

ψ profile and a discontinuity in b(z). Doing so will lead to

B1 =M3 cos(
z|z=zt

√

sLbκt/λ
) +M4 sin(

z|z=zt
√

sLbκt/λ
), (4.80)

B2 = −M3 sin(
z|z=zt

√

sLbκt/λ
) +M4 cos(

z|z=zt
√

sLbκt/λ
),
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Figure 4.16: Theoretically predicted buoyancy profile (left) and ψ profile on the channel-
interface line y = 0. Top row shows results for a case in which b and bz are matched
between the top and bottom solution, while the bottom row shows a case in which bz
and bzz (and thereby ψ) are matched. The relevant parameters are the same as the case
in Figure 4.14.
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where

M3 = b|z=zt − b∗z|z=zt =
√

sLbκt/λ



bz|z=zt −
δb

Hb

(

1− e
− D

Hb

)e
zt
Hb



 , (4.81)

M4 = bz|z=zt − b∗z|z=zt = −(sLbκt/λ)



bzz|z=zt −
δb

H2
b

(

1− e
− D

Hb

)e
zt
Hb



 .

The bottom row in Figure 4.16 illustrates the theoretical solutions obtained using the

constants defined in (4.80). The discontinuity is observed in b(z) with the ψ profile being

continuous.

In all the results that will follow in the subsequent subsection, we will use the con-

tinuous ψ approach. To summarize, the analytical expressions for ψ can be obtained by

using equation (4.49) and the solutions (4.60 ,4.72):

ψdeep−ocean = −Lb∆κ e
−(z+D)/H ×













b∗zz +

(

e
z+D
H

−Lbs∆κ /λ

)

(C1J0(X) + C2Y0(X))

b∗z +

(

√

e
z+D
H

Lbs∆κ /λ

)

(C1J1(X) + C2Y1(X))













,(4.82)

ψtop−ocean = −Lbκt ×









b∗zz +
(

1
−sLbκt/λ

)

(

B1 sin(
z√

sLbκt/λ
) +B2 cos(

z√
sLbκt/λ

)

)

b∗z +

(

1√
sLbκt/λ

)(

B1 cos(
z√

sLbκt/λ
)− B2 sin(

z√
sLbκt/λ

)

)









.(4.83)

In the next subsection, we make comparisons between predictions of the above expres-

sions and those of numerical simulations. But before doing so, we need to consider the

limiting case κb → κt. In this limit, the bottom solution becomes irrelevant, and the top

solution becomes valid throughout the domain. Since in this limit no deep-ocean solution

exists, the constants of integration for the upper solution can be directly calculated by
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enforcing bz = G and bzz = 0 at z = −D. This will lead to

B1 =M5 sin(
z|z=−D
√

sLbκt/λ
) +M6 cos(

z|z=−D
√

sLbκt/λ
), (4.84)

B2 =M5 cos(
z|z=−D
√

sLbκt/λ
)−M6 sin(

z|z=−D
√

sLbκt/λ
),

where

M5 =
√

sLbκt/λ



G− δb

Hb

(

1− e
− D

Hb

)e
− D

Hb



 ,

M6 = −(sLbκt/λ)





δb

H2
b

(

1− e
− D

Hb

)e
− D

Hb



 .

In the next section we will show that as κb tends to κt, the two-level solution will tend

to the constant κ solution given above.

4.4.5 Results and discussions

In this subsection, we provide comparisons between theoretical solutions obtained above

and results obtained from numerical integration of the governing equations. The numer-

ical methodology employed for this purpose is similar to that discussed in Section 4.1. In

all cases presented below, τw = 0.2 Nm−2, κt = 10−5 m2s−1 and lb/Lc = 2.0 (implying

a near linear b∗ profile). The parameters used for each pair of numerical simulation and

its corresponding theoretical prediction will be exactly the same.

Sensitivity to κ

First, we keep all parameters constant (including H = 500 m) and investigate the influ-

ence of increase in κb on the solution for the streamfunction. The results are shown in

Figure 4.17. Comparison between the two panels shows an excellent agreement between

the theoretical solution and results of numerical simulations. However, the theoretical
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Figure 4.17: Profiles of ψ at the channel-basin interface calculated using numerical sim-
ulations in the left panel and calculated using the analytical expressions (4.82,4.82,4.83)
in the right panel. In both panels, H = 500 m for all cases and in each panel the values
of κb from left to right are 5×10−4, 2.5×10−4, 1×10−4, 7.5×10−5, 5×10−5 and 1×10−5.
The dashed sections of the curves in the right panel correspond to the top-solution and
the solid parts correspond to the bottom solution.

solution seems to be more sensitive to variations in κb than the simulations. Perhaps the

reason behind this is connected to the manner in which we map b∗(y) onto the y = 0

plane. Our mapping scheme is dependant on κb, whereas Figure 4.17 suggests that it

should be solely dependent on H . The important point is that the depth of the peak

of ψ seems not to be that sensitive to κb in both theory and numerical simulations. To

graphically compare the theoretical solution with results of numerical simulations, con-

tour maps of ψ are shown in Figure 4.18 for κb = 5 × 10−5, 10−4, and 5 × 10−4. This

figure further demonstrates the nice agreement between the theory (right column) and

the simulations (left column).

Sensitivity to H

Next we keep κb constant and equal to ten times that of the surface value, and change

the scale height H from 250 m to 1000 m. The result can be seen in Figure 4.19. The

agreement between the theory and the numerical simulations is satisfying again, both



Chapter 4. Role of abyssal mixing in driving the ocean circulation 196

in terms of capturing the depth of maximum ψ and the value of the transport at that

location. Another important point can be made based on Figure 4.19: the location of

ψmax is not sensitive to H either. Based on Figures 4.17, 4.19, we conclude that the peak

of ψ will be close to the bottom boundary as long as κ is sufficiently large in the abyssal

ocean. The exact location of the peak will be partly set by the bottom heat flux G and

can be easily obtained in analytical terms by calculating the maximum of streamfunction

from our solution for ψ.

A possibly important factor in setting the vertical location of ψmax is the nature of

the prescribed surface buoyancy profile, b∗(y)7. Expressions derived for ψ in the upper

and deep ocean in (4.82,4.83) suggest that the AABW circulation is primarily set by

a non-uniform projection of the surface buoyancy profile b∗(y) onto the channel-basin

7It needs to be noted that other parameters such as surface winds can play an important role in
setting the volume of the AABW and its overturning rate, as was shown in previous sections

Figure 4.18: Graphic comparison between some of the cases compared in figure 4.17.
The simulations are shown in the left column and theoretical contour maps are on the
right. The goal is to compare the color-filled contours which represent the overturning
circulation.
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Figure 4.19: Profiles of ψ at the channel-basin interface calculated using numerical sim-
ulations in the left panel and calculated using the analytical expressions (4.82,4.82,4.83)
in the right panel. In both panels, κb = 10−4, κt = 10−5, and H is (from right to left)
250 m, 500 m, 750 m and 1000 m.

boundary, as well as the magnitude and scale of variation of the deep ocean diffusivity

κ(z). To investigate the influence of the former, we consider various surface buoyancy

profiles with lb/Lc ranging from 10 (corresponding to a nearly linear profile) to 0.1. The

left panel in figure 4.20 shows such profiles. The right panel in figure 4.20 shows the

results of simulations for a number of the surface profiles which are shown in the left

panel. As one would expect, with smaller lb/Lc, a larger downwelling near the southern

boundary of the Southern Ocean channel leads to a stronger bottom water circulation.

Sensitivity to G

In all the results presented thus far, G = bz|z=−D = 10−7 s−2 was used in accordance

with our analyses in Section 4.2. To make connections between our theoretical solutions

in this section and our analyses in Section 4.2, in Figure 4.21 we illustrate the sensitivity

of our solutions to the geothermal flux G. The figure shows that a modest increase in

G can lead to significant changes in the rate of abyssal overturning circulation. This is

consistent with our predictions in Section 4.2.
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4.4.6 Concluding remarks

In this section, analytical solutions were obtained for buoyancy and overturning circu-

lation streamfunction in the ocean basin for cases with enhanced bottom mixing. The

expressions were verified by numerical integration of the governing equations. A separate

solution was obtained for constant diffusivity throughout the ocean, and it was shown

that in the limit of deep ocean diffusivity merging to the surface diffusivity (i.e., constant

κ), the variable κ results merge to those for constant κ.

The analytic expression obtained for b(z) in the ocean basin shows that it is a com-

bination of a non-uniform mapping of the observed surface buoyancy on the y = 0 plane

plus correction terms. The nature of the mapping depends on the vertical profile of κ:

a relatively small (compared to the meridional extent of the channel, Lc) area at the

southernmost edge of the surface of the circumpolar channel is mapped onto a not so

small (compared to ocean depth D) at the bottom of the ocean. This forms the Antarctic

Bottom Water cell. It was shown that depending on the nature of the surface buoyancy

flux, the rate of overturning circulation can depend quadratically or linearly on deep

0 0.2 0.4 0.6 0.8 1
0

0.005

0.01

0.015

0.02

y/L
c

b* (y
) 

  (
m

s−
2 )

−2 −1.5 −1 −0.5 0
−4000

−3500

−3000

−2500

−2000

−1500

−1000

−500

0

Ψ (m2 s−1)

z 
(m

)

Figure 4.20: Left panel: Various b∗(y) profiles with the corresponding lb/Lc values being
(in the direction of arrow) 0.1, 0.15, 0.2, 0.3, 0.5, 1.0, 10. Right panel: ψ profiles at
y = 0 for select lb/Lc values from the left panel. The values in the direction of arrow are
0.1, 0.2, 0.5, 1.0, 10.
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Figure 4.21: Sensitivity of the analytical solution to bottom heat flux, G.

ocean diffusivity.

Through various sensitivity tests we showed that the rate of overturning circulation

and the volume of the AABW cell is sensitive to the value of κ at the bottom of the

ocean, and also on the vertical scale of variation in κ, namely H . Both analytical and

numerical solutions reveal that the location of the peak of ψ is not particularly sensitive

to either κb or H , and lies in the bottom 1 km of the ocean. It seems that the nature

of surface buoyancy forcing and the surface wind stress can have a larger impact on the

location of ψmax.

In addition to our verification of the important role of the geothermal heat flux on

abyssal circulation which was discussed in detail in Section 4.2, in this section we argued

that from a technical point of view, suggesting that the boundary condition on buoyancy

at the base of the ocean needs to be changed from bz = 0 in Nikurashin & Vallis (2011)

to bz = G at the bottom of the ocean to avoid inconsistency between the theoretical



Chapter 4. Role of abyssal mixing in driving the ocean circulation 200

expression for ψ (which is ∝ bzz/bz) and the numerical solutions. If this is not taken

into account, the streamfunction calculated from relation (4.49) would not be zero at the

bottom boundary, while the Ferrari et al.(2010) methodology employed in this chapter

(for the purpose of numerical evaluation of eddy circulation) would ensure that circu-

lation would be zero at the bottom boundary. Imposing bz = G helps overcoming this

inconsistency. The range of values used in this section for G was chosen based on the

available data for the geothermal heat flux as was discussed in Section 4.2. In agreement

with our results in Section 4.2, it was found that the influence of geothermal heat flux on

the abyssal circulation is of first order importance and therefor cannot not be neglected.



Chapter 5

Conclusion

In the first part of this thesis we employed a combination of rigorous theoretical analyses

and high performance computational techniques to improve our understanding of small-

scale shear-induced mixing in stratified flows. We showed that there exists a characteristic

change in turbulent properties from the parameter ranges typically explored in laboratory

experiments to large scale geophysical flows. Thereby, we showed that empirical relations

based on such experiments can be at fault when applied to obtain estimates of mixing

on a global scale. This result is of importance considering the significant amount of

resources allocated in physical oceanography to measurements of the various ingredients

required by such approximate relations. Our analyses adds to, and attempt to explain the

reasons behind, the growing body of literature which highlight the discrepancy between

numerical experiments of mixing in stratified ocean and observation-based estimates.

In the latter part of this thesis, we employed a combination of theoretical and obser-

vational analyses as well as idealized numerical models to show that the ocean meridional

overturning circulation is extremely sensitive to the spatial distribution of regions of high

mixing intensity in the ocean. This highlights the importance of research on mixing pro-

cesses to the oceanographic community. While most of the community has been focused

on investigating the role of large-scale processes (such as wind-induced motions and inter-

201



Chapter 5. Conclusion 202

action of tides and geostrophic flows with bottom topography) on the ocean circulation,

it has largely been assumed that the final stage of mixing in which kinetic energy dissi-

pates (and leads to net diapycnal mixing) can be approximated by very rudimentary and

little-justified relationships. Such relations, on the other hand, have long been known to

be grossly deficient within the circle of the fluid dynamicists. In our view, more effort

needs to be invested in connecting the research on fundamental fluid mechanical pro-

cesses which lead to mixing at sub kilometre scale to the research focused on large scale

ocean circulation and on closing of ocean energetic balance.

As one example of such efforts, now seems to be the right time (due to recent increases

in computational power) to put the taken-for-granted methods used to infer estimates

for effective diapycnal diffusivity from micro-structure measurements into test against

high-resolution numerical experiments designed to mimic the real oceanic environments.

While micro-structure measurements have been considered to be an acceptably accurate

method for inferring diapycnal diffusivity over the past decade or so, prior to that, their

applicability was highly doubted due to inaccuracies associated with some of the main

physical assumptions involved in relating the measured quantities to mixing coefficients.

Most recent attempts on comparing the effective mixing coefficients obtained using micro-

structure measurements and those from tracer release experiments have been pointing to

significant discrepancy between the two estimates. While the reasons behind the discrep-

ancies are probably both numerous and complicated, it is quite likely that breakdown of

underlying physical assumptions involved in the estimates (which was discussed at length

in this thesis) play an important role. A natural follow up on the analyses presented in

this thesis will be to extend our detailed mixing analyses to the range of dynamical

scales between those investigated herein and the sub-meso scale. This range corresponds

to processes which facilitate large scale diapycnal mixing. By exploring this range, one

can quantify the errors associated with making of some common erroneous assumptions

(such as those discussed in chapter 3), and can investigate the contribution of such errors
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to estimates of ocean energetics as well as to calculations of patterns of ocean general

circulation.
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